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XIX. 


RESEARCHES RESPECTING VIBRATION CONNECTED 
WITH THE THEORY OF LIGHT 


[1839.] 
[Note Book 52.] 


[The dynamical system consists of a number (n +2) of particles (P$, P,, ... P,,,) each of unit mass 
and in equilibrium, spaced. at unit distances along a straight line. The end particles are fixed and 
each particle is attracted by a force (a?) by the one immediately before and immediately after. The 
system executes small transverse vibrations and these are studied in five Problems. Each Problem 
is worked out in great detail with examples and Hamilton is led to various results, some of which 
must have been independent discoveries such as sequence equations and asymptotic values of Bessel 
Functions and others were many years ahead of their time such as the Reciprocal Theorem in 
Dynamics and the distinction between Phase-velocity and other types of velocity. The idea of a 
“fluctuating” function is first mentioned also here. 


Problem I (pp. 451-463). P,, Pay fixed, P,, P,, ... P, having any assigned initial displacements 
and velocities. 


Problem II (pp. 463-487). All initial displacements and velocities zero except for P;,, P;,,,, ... 
P; 4, P; and their displacements and velocities to correspond to the ith mode of vibration. 


Problem III (pp. 487-503). The initial displacements and velocities of a number of particles to 
correspond to those of à progressive sinusoidal wave. 


Problem IV (pp. 503-510). Discussion of previous case for large values of t. 


Problem V (pp. 511—526). A single particle is constrained to move in an assigned manner.] 


Problem I. 


1. A finite number (n + 2) of equal particles (Ps, Pi, ... Pj, ... Pns Py) being supposed 
to be arranged in one plane, and nearly in one straight line, at finite and very nearly equal 
intervals (each = 1); the two extreme particles ( Py and P, ,,) being also supposed to be fixed and 
each of the (n) intermediate particles (as Pj) to be acted on only by the attractions (each = a?) of 
the two (P, , & P,,,) which immediately precede and follow it in the series; it is required to 
determine the laws of the transversal vibrations of the system: that is, to express the transversal 
displacement (y; ;), at any time (+), of any intermediate and moveable particle ( P;) from the right 
line or axis (of x) connecting the two extreme and fixed particles (P, and P, ,,), for any given 
but arbitrary set of (n) small initial transversal displacements (y, 4), and of (n) small initial 


transversal velocities (9; 9). 
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2. (Solution.) This problem is equivalent to that of integrating generally a system of n 
simultaneous differential equations, of the second order, and of the form 


U PE a? (Yiyi, 2yri Va): (1) 
a? A? 
or (v:- rk) dum 0; (2) 


the integer / taking in succession all values from 1 to n; and y, Yn+1,, being supposed to be 
each equal to zero. It is easy to effect this integration by the known methods. We have only 
to assume 


kla 
L 
we pier t 
. tkr 
= 2 
r= 2asin 7^7, 


Vig t= Ly Yet oo + Ly ny, te + Ln, eY nt 


k being an integer which takes in succession all values from 1 to n; and to observe that these 
assumptions give 
-ri Ly ym 0? (Lig 2L, + Liu), 
Lo, p=0, Las, i7 0, 
eu a Yu - e+ Lye Y, obe Lin Ynt). 
For thus we easily transform the differential system (1) into another, which may be thus 
denoted, 


Yi = 


YraitriYri=0, (3) 
and which gives, by integration, 
Y, i= Yr ocO8try + Y; orp sin try; (4) 
so that the sought expression for y; , may be thus written 
à [^ Y, ocostr, +... + L; 4, Y, o 00Stry +... + Lin Y, cost, 
9r 


= sin tr sin tr 
n+l + Ly: Vio bis GL&Yto—— + 


t 5 
is d Lu "à den EO ? ( ) 
sM Ta 


or, more concisely, 


Vii — X Lye (Y y, 9008 tr, + Y; ori! sintry); | (6) 


n+l 
in which we are to remember that 


Y, o= Xip Li, Vio Yr, ,o=È2ibi Lir Y0- 


3. (Corollary 1.) If there be but one particle, P;, displaced at the time 0, and if no particle 
have at that time any velocity, we may write Y, ,—9; 9L;,,, Yj,9=0, and the expression for 
the displacement y, , of any particle P, at the time t becomes 


Vr ats 1i La La COS trg 
29; o T thr 
ui j j% i sai (2atsin 7. 
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4. (Corollary 2.) In like manner, if only one particle, P}, have an initial velocity, y; o, and 
if no particle have any initial displacement, we may write 


Y, 0, YLo7Vj oL; 
and 


2y; t 
9,7 vie 1 01 Lj, x Li, f dt cos try 


E jkr "n ler =f. ler 
Mv | Esin s ^s sin ary di cos | 2at sin ^—— ory 


5. (Corollary 3. : The general solution (6) may therefore be put under the form 


jkr lka thr 


t 
J n 
LE yw (uota f at) Dy Sin ~— sin cos (2atsin 257.) , (7) 


Yi = n+l 


n+l 
6. (Corollary 4.) If the initial displacements and velocities be of the forms 


sin—— yr Yo =n; Sin —— c 
i being any integer from 1 to n and 7;, y; being constants, we shall have Y TREE ns 


Y; o= es : n;, and all the other values of Y, , and Y; , will vanish; therefore, in this case, the 


general expression (6) reduces itself to the following: 
ilar lm 
Vc -sin- 1i Ji (ntaf at) cos (2atsin 7 i): 


7. (Corollary 5.) By euer 


ilar TELA" ilar 

"ES "arp and zu i yi osin n+l’ 

we may express any arbitrary initial displacements y; ; and velocities y; ọ by developements of 
the forms 


Ni =— U1 41,08 


20 ia Qon 
Jio 7 Hi Ni "o esl Jio 7 Xi isin 7 1? 


if then we had found otherwise the expression given in the last corollary for y; ,, corresponding 
to the particular suppositions 


Yro =Ni ate. 


ilar ilr 
n+l’ n+l’ 
we might have thence deduced the general expression (6) under the form 


Y= =2p,8in 1 (v ex] di) cos (2atsin 2 pr i): (8) 


8. (Corollary 6.) If we write, according to a notation already employed, 


din 
n+l 


and introduce two new constants, B; and B;, such that 
B;cosB,—-*;, B,sinB;—miri, 


Yro 7i sin 


7, — 2a sin 
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we may employ this other expression 


iln 
PES (9) 


in which r; is a known function of the index (or integer) i, but B; and f; are in general arbitrary 
functions of that index. 


Y= Xi), B, cos (tr; — B;) sin —— 


9. (Corollary 7.) The general system of total displacements y, , may be considered as the 
sum of » component systems of partial displacements, 
91,17 D, cos (tr; — B;) sin —— ym IX , 
of which each is separately possible, & of which all are mutually superposed. Each system of 
displacements, by itself, may be called a simple movement or mode of simple vibration. 1t corre- 
sponds to some one integer value of ? (from 1 to » inclusive), and to one corresponding periodic 
time 


involving also two arbitrary constants, or arbitrary functions of i, namely n; and «;, or B; 
and B;, which latter may be called constants of amplitude and of epoch. 


10. (Corollary 8.) In any one such simple movement, corresponding to any one value of i, 
the displacements all attain extreme values when t — r;!8;; and these simultaneous and extreme 
values are all expressed by the formula 


Yar spi= Bisin m 
Ifi = 1, these extreme firm (relatively to t) increase in magnitude with / from l= 1 
till l= dit ifn be odd, or till 1-7 = if n be even; and afterwards decrease from l= at or from 
l= rts to l=n; being all of the same sign as B,. But if i= 2, the displacements B, sin a 1 
increase in magnitude with / from l= 1 till Pha : , or - or ie or MIA according 


4 
as n is of the form 4v — 1, or 4v, or 4v+1, or 4v+ 2, v being an integer & ¢ 0; they afterwards 


í j 1 : 
decrease and become negative when / is between Y and n + 1, if B,» 0. 


may be considered as corresponding to ? — 1 nodes N,, Na, 


In general the formula B;sin Re 


AN, 4, for which J (though integer for each actual particle) is supposed to receive the temo 
iis ck So A dd, Re 
a a a 718 
positive; between N, and N, negative; and so on alternately. The i intermediate points 4 iV. 
.. Viar V; for which I=" , ris. 3 1) " ure dh E À REM 2m H 

of extreme excursion, NL qm positive and negative (if B;> 0). 


fractional) values —— 


are venters or points 
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11. (Example 1.) If n= 1, so that there is but one moveable particle P}, attracted equally — 
to two fixed centres, P, and P,, and slightly and transversally displaced from the middle of 
the line (= 2) which joins them; then the variable displacement of this particle P, at the time 
t is represented by the formula 

Yı, = B, cos (tr, — B1), 
T 


4 


37 1; in which formula 7, — 2a sin 


the law is that of the cycloidal pendulum. 


11 =Y1,0= B, cos Bi m= Yi,0 =r; B,sin p: 


because sin a4/2. The extreme displacement is B, and 


and 
: , sin (at+/2 
Y1,= 91,9008 (at /2) + 91,9 Eo , 


12. (Example 2.) If n — 2, so that there are two moveable particles P, and P, between two 
fixed particles P, and P}; then the variable displacements y, , and y; , of P, and P, are 


Yi E (B, cos (tr, — B) + Bacos (tra— B3)), — ys on (B, cos (tr, — B4) — B2 cos (tra — Ba)), 


because 


also 


r= 2asin = =a, r,—2asin 7 =a y3. 


The two simple modes of vibration, which are here superposed, are 


3 
re —X 1608 (a£ — B4), 
and 
i 3 
gna Vi -ya =Y Byoos (at 4/3 — Ba). 


. The periodic time of the first mode is greater than that of the 2^4 in the ratio of 4/3 to 1. The 
displacements of the two particles P, and P, are equal and on the same side in the 1** mode, 
but equal and opposite in the 2nd, 


1 . , 1 , , 
B, cos B,— 1, pum (Vio y») B,sin By =a, = a4/3 (Yi,0 + 92,0); 


B, cos B&-m-7s (Y1,0-Y2,0), Basin fa = (a4/3)-195,— x (1,0 — 92,9) 
13. (Example 3.) If » «3, then 
Vi V1B, cos (tr, — B4) + B, cos (tr — Ba) + V1B, cos (tr, — Bs), 
Y2,1.= B cos (tr — B4) — B30os (tr4— Bs), 
Ja,— V4B, cos (tr, — B1) — Bs cos (try — By) + vi B, cos (tr4 — Bs) ; 


: Lo - 35 MORS 
n -2asinz-aV2— V3, 7,7 2asin 7 —a V3, 7s 2asin «a V3 VÀ; 
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3: : 1 " , Pat 
B cos B=} (V$y1,0+ Y2,0 + V 395,9); B sin By= 5 (V $1,0 ys ot V Mio) 
^ uA; ] 
B, cos B,— à (41,0 — Y3,0)» B, sin B,— 2r, (J1,0 — 43,0)» 


B; cos Bs=4(V 341,0—-Yo,0+V dy ,9); Bysin B= z- (dy e Va i) 9); 


there are three simple modes of vibration, with periods which are ifi "e x isa , that 
^ 


T3 

2 7 9 
a 3—4/2 a* ^" vii y2 
thus writben a V2+4/2, " Cur 4/2 — 4/2; in the 15tor slowest mode, the 3 displacements 


2 
is = cose g 7 cosec — = coseo == as , or finally = ; they may also be 


8’ a 8" 


have all the same sign & are proportional to 4/3, 1, 4/1, that is, to 1, 4/2, 1, the second particle 
being a venter ; in the 224 mode, the 1st & 3r? displacements are equal and opposite, & the 2nd 
displacement vanishes, so that the middle particle P, remains at rest and forms what is called 
a node, the first and third particles being venters; in the 3™ or quickest mode, the 1** and 3ra 
displacements are equal and of a common sign, while the 224 is of an opposite sign and greater 
in the ratio of 4/2 to 1; so that, in this mode there may be considered to be two nodes, one 
between P, and P, but nearer to P, and the other between P, and P, but nearer to P,; in 
fact the abscissae of these two nodes are $ and $ respectively, the abscissae of the 3 vibrating 
particles P,, P}, P4 being 1, 2, 3; and in the same third mode, there are three venters of which the 
first and third have for abscissae 2 and 42, so that they are near P, & P}, but between P, and 
P, and P, and P, respectively, while the second venter coincides with the particle P,. 


14. (Corollary 9.) If there be but one particle P; which at the time 0 has any displacement 
or velocity, we shall have 


ijr 
B; cos B; = FU sin SE 


tjm 
n+l’ 


x Bc ou 
B,sin B, . y; osin 


and therefore 


ijr _ Fi jo 
A Vy ot Ty sin nr ipa feng or 


Ta n4-1 
15. (Example 4.) If n — 2, then 4 
B; cos B, = $9; osin = , B,sin B; — $rj!y; osin = 
therefore, more particularly, 


. jw : 2 os tur 
B, cos By = $9; o sin?" j B, sin B, = EL sin” j 

. 29m ; Big? v E 
B, cos B, = $y; o sin EX Bysin B,— 37g 41.080 s. 
Still more particularly, if j= 1, 


1 y 
B, cos Pi ho B,sin B,— 


1 ; P 
B cos B 7 Pe B,8in By—2 Vio; 


post 
a4/3 1.0» 
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and, if 7=2, 
1 . 1 , 
Bi cos By = 73 so: Nr 


1 É 
B, cos f; = ~ 1/3 920? By, sin By = aA 0* 


In this manner we determine the coefficients of the two coexisting simple modes of vibration in 
the system P, P, P, P3, corresponding to any initial displacement and velocity of P, alone, 
or of P, alone. 


16. (Example 5.) In the system P, P, P, P, P}, n=3 and 


. Vm $ POM, 
B,cos B; — 4y; osin 9" , B,sin B; — 474}, o sin 77; 


that is, ST 
me : V2-4/2 , . jm 
B, cos B, = $y; osin T> B,sin B,— 2a4/2 yjo8In y, 
. 297 ^ A snb. qu MY 
p 2. , Sj 


. Sm : 
B; cos B, = y; oin -7 > B, sin B, = ———— INE y; osin n 


17. (Corollary 10.) By last corollary or by corollary 3, article 5, the whole effect at the 
time ¢ on the particle P;, of the initial state of P}, is 


t 
(uocis f t) roo, 
in which 


ijr ila . yir 
fü. god Z Easin 27 sin- cos (2atsin 17). 


If dete be much larger than j or l, this finite sum is nearly = the definite integral 


k f * 46 sin 2/8 sin 210 cos (2at sin 6). 
0 
If then we consider the case of a very numerous system of particles, we shall have, nearly, for 
those which are much nearer to one end than to the middle, 
4 me QACT ee 
Wea X1 (uso + sof at) f dô sin 250 sin 2/0 cos (2at sin 0); (10) 
0 0 

Y;,9 and y; o being supposed = 0 unless EA small; and this expression corresponds rigorously 
to the limit n = oo, j and / remaining finite. 

18. (Corollary 11.) If nothing be neglected, we have 


4sin «sin f cos y = 2 (cos x — B — cos a + B) cosy 
— cos (a — B +y) -- cos (x — B — y) — eos (a+ B — y) — eos (x+ B -- y); 


HMPII | 58 
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therefore* 


T l—j)7 
JOL ETES 3. {eos (2atsin $+ 418-07 | 


gim i(l-j)r ex 
+008 (2atsin 77, - ul 
fir 19043] 
— cos (2atsin E moi ne 
hin = t(l+j)7 
-cos (2atsin £7. — walk rt 


and therefore 
l > M ye e dm  i(l—j)a 
9,7 2(n+1) DE C + 7" at) D [cos (20 sin at T Td 


+ cos (2a sin —— jin a) — cos (2a sin ———- itn LE HET +5) 4 


n+l n+l n+l n+1 
tim i(l+j) " | 
— cos (2atsin 77 - "REST j^ | (11) 
| 1-j. i—-j. 
If, now, j, / and n all tend to oo but so that "TEL nearly — 1, and that i15 nearly =0, or 
in other words so that a and 2) are each nearly = 1, though 2/—n—1 and 2; —4 — 1 may 


n-l n+l 
both be large numbers positive or negative; in short, if we consider only particles P; and P, 
which are much nearer to the middle than to the ends of the very long line P, P, ,,, although they 
are not necessarily near to one another; we may then neglect those sums of rapidly fluctuating 


cosines which involve : tH ia T and may transform the other sums into definite integrals by 


making rr = 0; and thus we obtain, as a very approximate formula, 


i m 
Y= £ 2h) — o (v1.2.0 + "| at)" dô cos 2h6 cos (2at sin 0). (12) 
0 0 
Accordingly this expression gives 


2 TANI iig 
Visit — -o (usta a) d cos (2&0 F 20) cos (2at sin 0), 
0 0 


* [f 1, t) 2 (50-5 (2at) — J a+ (2at)). 

The following note appears on the opposite page of the manuscript. “It is remarkable that this function f(j, L, t) 
is symmetric relatively to j and l, even if n be not large. Indeed each part, corresponding to any one value of i, 
or to any one mode of simple vibration, is symmetric also. Thus, the effect (and even that part of the effect which 
corresponds to any given number i of venters) of the initial state of P; or the state of P, at the time t, is the same 
as the effect of a like initial state of P, on the state of P; at the time t; even though P; may be near one extremity 
and P, near the middle of the system. It will be important to try whether a similar result holds good for other 
attracting or repelling systems."] 

t [This can be inferred from the value given in the previous note for f (j, l t). Hamilton's paper on Fluctuating 
Functions did not appear until 1843, Trans. R.I.A. XIX, pp. 264—321, although there is a short note in Proceedings 
R.I.A. 1 (1841), pp. 475-477.] 
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therefore T 
Vict Viso : X) c (n 4h,0 + Vanof at) { 0 cos 20 cos 20 cos (2at sin 0), 
and n "TV 

Vra Wre t Via 7 - Xt) o ew + fono | a) | E d cos 2h6 sin 6? cos (2at sin 0); 


the function (12) therefore satisfies rigorously and indefinitely the equation in mixed differences 
(1), and is the complete integral of that indefinite equation because it reproduces the arbitrary 
initial data y, o and y; o, as the values of y; , and y; ,, for 1 — 0. 


19. (Remark.) 'Thus the expression (10) corresponds rigorously to the transversal vibrations 
of an indefinite line of equal particles extending in one direction from the fixed point Pp; or if 
in both directions, then so that y ;,— —y;,; and the expression (12) corresponds rigorously to 
the transversal vibrations of an indefinite line of particles extending in two opposite directions, 


& having no point fixed. 
As applied to the theory of light, the expression (12) seems adapted to illustrate the internal 


propagation of luminiferous vibration, and the expression (10) to illustrate the reflexion of such 
vibration. And this expression (10) may be thus written 


t \ 2 
yum Ege CE MI at) f dô sin 250 sin 210 cos (2at sin 0), (13) 
0 0 
if we consider y. ; ; and y^; o as equal to — y; o and —yj s. 
20. When n is finite, if we put for abridgement 


d= Seat , and therefore 7;— 2asin i4, 


we have, for any simple vibration, the formula 
yj, Boos (2at sin if — B;) sin 2il¢, 
which may be put under the form 
31,7 $B, sin (2il$ — 2at sin i$ + B;) 
+4B,sin (2il¢ + 2atsin 4$ — ;). 
It may therefore be considered as the sum (or resultant) of two conjugate simple movements, of 
which the phases are respectively 2il¢ — 2at sin iġ + B; and 2il + 2atsin i$ — B;; the amplitudes 
are each = 1 B,; and the velocities of transmission of phase (from particle to particle) are respec- 
a sin id E —asin?$. 
(dé ip 


positive velocity is <a and LT s , because 2$ > 0 but <5 5. The epochs B; and — P; are, in like 


tively ; that is, they are equal in amount but opposite in direction. The 


manner, equal and opposite. 

21. Each of the two conjugate simple movements, described in the last article, satisfies 
the indefinite equation in mixed differences (1) whatever 7 and ¢ may be; but the advantage of 
combining them, & of supposing die de is that we thereby satisfy also the conditions 


2(n+1)’ 
58-2 
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Yo,c=9, Yn+1,1= 9, for all integer values of i. If we omit the last condition (y,,,,—0) we may 
take any values for i and à; but we must still combine the two conjugate formulae. If we omit 
both of the extreme conditions, we may use either formula alone, and may assign any value to 


i and ¢ (between ġ=0 and d= 4 ^ 


22. In this manner then we might perceive that at the limit considered in article 17, which 
corresponds to the integration of the original equation (1), subject only to the one condition 
jo, , = 0, we may write 


Oz : 
n«- | dO Bg cos (2at sin 0 — B) sin 218, (14) 
0, 


the limits 0, and 0, being arbitrary quantities and By and f, being arbitrary functions of 0. 
But in order to reproduce in this case the initial values of y, , and y;, we must (if possible) 
determine these arbitraries so as to have 


% 05 
no={ d0 Bg cos Basin 210, fo | 2a.d0 Basin Basin 0 sin 2/0; 
0, [^ 
and these conditions accordingly are satisfied, as in the formula (13), by supposing 


0,—0, &,- 7, Bocos p=- Z6. Yosin 2j6, 


, , . 1 eo " x " 
Y-3,0= Vio Y-i0= —Vjo; Bosin Bo =z XG) y; osin 2j0 cosec 6. 


23. We might also, in like manner, have perceived, that at the other limit considered in 
article 18, corresponding merely to the indefinite integration of the equation (1), we may write 


0s 
n= | d0 Be sin (210 — 2at sin 0 Bo) | d.C, sin (2 2atsin iy) (15) 
0, [71 


the limits 0,, 0, and «, «, being arbitrary quantities, while By, By are arbitrary functions of 6, 
and C,, y, are arbitrary functions of v. To reproduce the initial values we must endeavour to 
determine these arbitrary quantities and functions, so as to have 


6; 
na | d0 B, sin (210 + Bj) + [a C sin (2l 4- y), 
0, t 
8, 
Vio7 — 2a | d0 B, cos (210 + B5) sin 0 + 2a ^a. C cos (2l 4- y,) sin v; 
6, ne 
conditions which may be satisfied, as in the formula (12), by supposing 
Bg cos Bo = = X) - (uno sin 9A0 — s] " 


2a sin 0 
; [v Yn, o Sin 2A0 
Bo sin Bo= -i 2h) — co (v. cos 2h0 + rd , 
tola. Yh o COS 2h 
C, co8 y, =- D-o (v. sin 24 + — — St. D 


" 1 sin 2he 
C,sin y,=— ZG) [y (v. 9 cos 21. — PAM ) 
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and 0, —0, 0,— 2 =Q, ty -5 In fact these last suppositions give 
Bysin (210 + Po) - 173, (11,0008 (2h8 — 210) + ht. sin (2h0 — 216) 


C, ain (hy = à X2 (v. 4008 (2h. — 21) — UR -sin (2M — 21)) ; 
and therefore 
2 
Basin (210 + Bg) + Cosin (210 + yg) = ca E-o Ya, o COS (2A0 — 210), 


2 
so that, performing on this the operation Í d we get y; 9; also 
0 


By cos (210 + Bo) =} Xi... (yn osin (2h09 — 210) — 949 00s (no — o), 


C,cos (2l. 4- y,)= - X) o (v. o Sin (2h. — 211) tas ae cos A yy — 2). 
and therefore 
2a sin 0 ( — Bg cos (210 + Bo) + Cg cos (210 + eae =- = Bi o Yh, o COS (20 — 218), 


P 
so that the operation | dð, performed on this, reduces it to y; 9; the initial values are there- 
0 


fore reproduced. At the same time, the expression (15) becomes 


Vi er dO [cos (2atsin 0) { Bgsin (210 + Bg) + Co sin (210 + yg); 
+ sin (2atsin 0) ( — Bg cos (210 + Bg) + Cg cos (210 + MT 
2 3 d : , Sin (2atsin 0) 
an aj dO X. « COS (2h0 — 210) (mno cos (2at sin 0) + y;, o Bu ^v ME | 
2 (2 t 
= =| dO 245... cos (2h0 — 210) (ua + rho] at) cos (2at sin 0) 
0 0 


n mz 
= AI li (uoa + Yih, o Í at) f d0 cos 20 cos (2at sin 0), 
0 0 
so that the formula (12) is re-deduced. 


24. One element in the solution of the problem of article 1 has been the theorem that 
Li) sin —— oe E tani or pi 
Pl LE! 2" 

according as j and l, being both integer numbers » 0 & <n+1, are unequal or equal to each 
other. As we shall have several analogous summations to perform in these researches, it may be 
well to give here the process of proof in full. 

The equation 2sin«cos(2k«-- B) 2 sin (2kx -- «-- B) -sin(2k« —«-4- B) gives, when it is 
summed with reference to k, 


2 sin « E% p, cos (2ka + B) — sin (2k, + a+ B) — sin (2k, —  -- B). 
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Let a=% t«, B=0, 
sin (2, + 1) (ay + a) — sin (21 — 1) (a4 + a4). 


then Er, COS (2hay + 2k) = 2sin (x, + a) 


sin (2k, + 1) («, — «,) — sin (2k, — 1) (a, — a) 
4 sin (a, — x5) 
, Sin (2k, + 1) (a + 5) — sin (24, -D(ute) 
4sin (2, + as) 


XU, co8 2ka, cos 2ko., = 


sin (25, + 1) (x, — «,) — sin (2h, — 1) (a, — o4) 
. sin (25, + 1) (%4 + 6) — —sin (2k, —1) (4 +%) 
4 sin (a + 43) 


Hence 
Xf sin 2ka sin 2a 


Il 


_ Sin (a4 + as) sin (2n + 1) (a, — %) — — sin («, — a) sin (2n + 1) (a, +a) 
4 sin (a, + &) sin (%4 — a) 
_ C08 (2na; — 2n + 2n + 2%) — cos (2n +2 2a, — 2na) + cos (2n + 2a, + 2na4) — cos (2na, + 2n + 2n + 2a.) 
8 sin (% + %g) sin (a — %) 


sin 2na sin 2n + 2%, — sin 2na, sin 2n 4-2 2a, 
2 (cos 2%, — cos 2o) , 


: , j ln 
this sum therefore vanishes, if «, = i ? p 7352 unless cos 2%, — cos 2«,, that is, in the 


present question, unless j=}. But, for that particular case, the sum may be found by differ- 
entiating numerator and denominator relatively to «,, & then making «, —«,; it is '.' 
lr n+l 


= Ett oll sio ME cosec 
E 2 T ie n+l Ds 


25. The same theorem of summation shows that, in the notation of articles 7 and 8, 


EhB? cos p} = Xini = SUN Vi, oi 


n+l 
Lire Bi sin Bi = Xh n = Xi Vi 


It is interesting to calculate also Xr} B} cos B2 — X(5,ri-. Since 7,—2asin ^ 


zu 


Mr 


err we have 


r3 = 2a? — 2a? cos —. ; we have therefore only to calculate 
1 n+l 


n+1)\? E un y 
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For this purpose we have to calculate 


cde A4 o [tw RE s SOR Rar? n 
220i 008-7. sin i TIT ba (sin Pl -- sin "t aic 
unless j=l x1. But if j=l+ 1, j & l being each >0 and « »-- 1, then the last sum = 
Hence 
. tr nc-l.o, 
Zits cos — ei ina sin) paca, f Xi Vio Vaio 
therefore 
Enteos = = pi Jo Yi+1,05 


and finally, because y, ,, 9 — 0, 


4a? 
Zi ri Bi cos Bi— Xi rini= n+1 2i Vio (Jio — Y141,0)+ 
Hence 


2 
2177 Bi = xil Xiha Wro + 2a*y, o (Yro — 1.1,9))- 


26. (Examples.) When n = 1, then 
r=aV/2, B,cosB,—-,—9uo, 1B,8inBy=71=Yi0- 
When n= 2, then 
rı=4, rQ—G4/3, Bicos Bi + B$cos B3 =$ (yi o+ ¥3,0); 
rj Bisin Bi +73 Bisin 63 = $ (yo - Yeo)» 
4a? 
ri Bi cos Bi +73 B$ cos B3 Sal (Yi o + Y3,0—Y1,042,0)- 
When n= 3, then 
1 =aV2—/2, r,—-a./2, ry4—-a V 2--4/2, 
Bi cos B1 + B$cos B3 + B3 cos B3 = $ (y1,o-- ¥3,0+ 95,9). 
r1 Bisin 81 +r} B$sin Bj 3 B3sin B3 — $ (yo + Vo + 939). 
r1 Bł cos Bi 4- r3 B3 cos B3 - r$ B3 cos B3 =a? (Y? o + Y3, o + V3,0 — Y1,0Y2,0 — Y2,0Y3,0). 


27. 'Thenon-periodical part of 275, y is e 


Q — Zi {dy +a Yo (Vo — Yrs, 0)}- 


equal to the sum 


463 


: 20511 B3; this non-periodical part is therefore 


(16) 


This part Q appears to be in some sense a measure* of the quantity of vibration of the system (the 


mass of each particle being unity). 


Problem II. 


28. It is required to apply the general solution of the 1st Problem to the case where, at the 


time 0, all the displacements & velocities vanish except those of the j—j,+1 consecutive 
particles P;,, P; ,,, ... P; 4, Pj; supposing also that the initial displacements and velocities of 


* [Sum of initial kinetic and potential energies.] 
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these are such as to agree with a simple mode of vibration, in such a manner that, if | be >j,—1 
and <j+1, we have 


Yo = Bj, cos B; sin 2kló, y; o — B; r, sin B; sin 2kl, 
$ being — ae and r, = 2asin kó; but that 


at’ 
i Yi,0=9, 91,07 9, 
if] be <j, or >). 


29. (Solution.) The general expressions 


2 im 
B,cos B; 24;— ze X1 Yi,.0 Sin 2019, 


r, B;sin B;=7; = "Ws 2 YD o Sin 27/9, 


become now 
m= B cos B; Lf); sin 2il$ sin 2klẹ, 


n= EC | Bisin B Ziy; sin 2ilġ sin 2klġ. 
But, by article 24, 


Zj; sin 2iló sin 2kld = sin (2j + 1) (i — k) $ —sin (2j, — 1) (( — 5) $ 


4sin (i — k) $ 
_ sin (2j +1) (ik) ó—sin(2j, 1) 6c )8. F(j)— i ani} 
sone te 
F sin (2j+ 1) (i— k)  sin(2j-- 1) (i - k) $ sin 2jió sin 2j + 1 k$ — sin 2jkpsin 2j + lig, 
9)- 2sin(i-k)ó  2sin(it+k)d — cos 2kó — cos 2i 
therefore 
1 


2 Yi sin 2il$ sin 2k1$ = cos lij — cos ip (sin 2ji¢ sin 2j + 14 — sin 2jkd sin 2 + lid 


— sin 2j, kó sin 2j, — lid + sin 2j id sin 27, — Ike}; 


: ME cos 25, kó sin 27, — 1 sin 23k cos 25 + Ik 
2 Dy, (sin 2g c j—j, 1,4 SE i, hg ei bd cos STA 


Hence, by the general formula (9), we have, in the present question, 


sin 2il 
cos 2kó — cos 20$ 


yc A 1 bi ( cos f cos (2at sin i$) + sin f; aan (2at sin ig) 


x {sin 2jiġ sin 2j + 1$ — sin 2jkd sin 2j + lid 


—sin 2j, kp sin 2j, — liġ + sin 2j, iġ sin 27,—1kd}; — (17) 
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and the part corresponding to t= k is 


B; ans, PH cos 2j, kó sin 27, — lko vestes ES 
pare Roo (2at sin kp — By) sin 2kld [jj 1 9409, Di LEAN HUM 


30. 1fj, — 1, sothat the j first particles P}, ... P; arealldisturbed originally in the way above 
supposed, then 


^ 


B sin kọ . 
EY ài (cos Bj. cos (2at sin 4$) + sin Bra ines sin (2atsin i) 


, 9m 2ilġ (sin jid sin 2j + lk — sin 2kó sin 2j + lid} 
cos 2ko — cos 2i) i 


| . Sin2jk$ cos 2j + EM 
J sin 2ko 
31. If j and / be each much smaller than n, so that n is treated as infinite, while j and /, 


though perhaps large, are finite, then the expression in article 30 becomes a definite integral, 
namely 


V, 


(18) 
and the part corresponding to ? — k is 


m=; |” dé (cos B;, cos (2at sin 0) + sin DE sin (2atsin 2 
0 


, in 210 {sin 270 sin 2 (j + 1) « — sin 2jæ sin 2 (j + 1) 0). 
cos 2a — cos 20 ' 
in which «=kd. This expression satisfies the equation in mixed differences (1); and gives 
Yo 7 0, y, o — 0, ifl >j; but yj o= B, cos B sin 2la, y; o= 2a sin « B; sin B; sin 2a, if | « j + 1, | being 
a positive integer: it gives also y, ,— 0.* 


(19) 


32. In the formula (18), making i$ — 0 and kf — «, we are led to consider the product 
sin 2/0 (sin 27 sin 2j + la — sin 2ja sin 2j + 19} 
= 1 sin 2/0 (cos (2a — 0 + 2x) — cos (2ja + 0 + 20) — cos (250 — a + 20) + cos (250 + a+ 26)} 
— sin 2/0 (sin (0 + æ) sin (2j + 1) (0 — æ) — sin (0 — æ) sin (2j + 1) (0+«)} 
= 1 sin (0 + «) (cos (2j — 21+ 10 — 2j + la) — cos (27 + 21 + 10 — 27 + 1a)} 
— j sin (6 — «) (cos (2j — 21+ 10 + 2j + la) — cos (2j + 21+ 10 + 2j + 1a)}. 
If now we suppose, as in article 18, that i = ; 


we may neglect those sums which involve cosines of 2 (j + l) 0 + const., unless they be divided by 
something which vanishes or becomes very small in the course of the summation; and may 
reduce (under the sign of summation) the recent product to 
cos (2j — 21+ 1) 0. cos (2j + 1) « . cos 0 . sin æ -- sin (2 — 21 + 1) 0 . sin (2j + 1) x . sin . cos « 
= j sin (0+ a) cos (2j — 2+ 1) 0 — (2j + 1) «) — J sin (8 — a) cos (2j — 2+ 1) 0-- (2j +1) a}; 
reserving, however, the part | 
— $sin (0 + «) cos {(2j + 21+ 1) 8 — (2j +1) a} 
. E 250 sin 2 (j +1) «x — sin 2j« sin 2 (j -- 1) 0 
cos 2a — cos 20 
HMPIL 59 


is nearly —1 but that J i is nearly — 0, 


—YÍZ12 sin 2 (j—s) 0 sin 2 (j—s) a. 
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for special consideration. It may however be instructive, before thus passing to these limits, to 
resume the formula (18), & to study first the consequences of it in the case when the number n 


of moveable particles is finite but even, & when j = 5 J 


33. The expression, j — sh ahd which occurs in article 30, may be put under 
the form j - 3 — qn 2 (+04: it reduces itself therefore to < —z—,ifj-.,|because«- Hr) b 
2 sin 2% +1 


that is, if exactly half of the whole number n of moveable rid have JS original displace- 
ments and velocities as correspond to a simple movement of any one kind; & consequently, in 
this case, that part of the whole resultant movement which is of the same period is 


$B}. cos (2at sin « — ß}) sin le; 
it is therefore exactly half of that other movement 
Bj, cos (2at sin « — B.) sin 2la 
which would reproduce the initial displacements and velocities, not only for half but for the 
whole of the system of moveable particles. In other words, we have the theorem: 


If the initial state of half the system P,, P,, ... Pn correspond to one simple movement 
2 
1B, cos (2atsin « — B;) sin 21a, 
and if the initial state of the other half P, , ... P, ,, Pn correspond to another simple move- 
Tu 


ment of the same period and amplitude, but with an epoch differing by an odd multiple of 7, 
— 4B, cos (2atsin « — B;.) sin 2l«, 


in which z. Or, then the resultant vibration of the system will be composed entirely of 


simple movements of other orders, that is, with other periodic times. (The next article will 
show that the indices ? which mark these orders differ by odd numbers from the index £k.) 


34. To express this resultant vibration, we paa employ the formula (18), under the form 
sin (2atsin 2) 


B, 
Vni ji X (cos fj, cos (2at sin 0) + sin e 
, sin 210 (sin (0 + æ) sin (27 + in dy. a) — sin (0 — x) sin (2j + 1) (6+ 2 
cos 2a — cos 20 
in which the part corresponding to ? — k is now to be omitted; we have also, now, 
Nor 
(A r5 nnd FY 
(2j -- 1) (0 4) 2 1 (iF b); 
we need therefore attend only to those values of i which differ from k by odd numbers, positive 
or negative. Let |—j--^; then 
sin 210 = sin (2/0 + 2h6) — sin (F+ (2h—1) a) 


=sin (P= 0)" m E Erel 1)0)=sin t -P cos (+ (9h - 1)6), 


(20) 
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because cos Sa ed —0. For the same reason 


2 
(sin (a zA) z) = Y^ ae (i TEN cin (i aes 
sin 210 (sin (0 + æ) sin (27 + 1) (@—«) — sin (0 — æ) sin (2j + 1) (8+«)} 
cos 2a — cos 20 


cos P (2h — 1) 0) 


=— ospa cos Do — Sin (9 a) — cos kr sin (8 — «)) 


= boos (F+ (2h--1)6) ( : ih. 


sin(0—a) * sin (8 +a) 


=cos kr; 


(it be odd, this becomes 
k+l 1 l ; 
+(—1)°3 sin (2h-1)0( 5 — + gah} 
if k be even, d 
k 1 "t 
(Icos 28 — 6 (a a2) 


Hence the expression for y; , becomes 
iB, X d MAE, -iii T pA ^ 
V7 gi c (808 Pr cos (2at sin 0) + sin Bj 7 sin (2at sin 0) 
kr 1 (—1)FH1 Y 
X COS (F+(2n- 0) (axo anra) (21) 


in which the summation is to be performed relatively to 4 for all values of that index which 
differ from k by odd (integer) differences, being also > 0 and <n + 1; and 


_ $n _ thr 
erst STER 


35. For example, if j7=1, k=1, we must take 1-2, 0=5, a=? 0-a=5> O+a=5, 
1 
sin (0— a) = 5, sin (0 4- x) — 1, sin a 5, sind- V2. and 
v Pp (cos ASer hon Bs ^A) sin (1 — 2h) 6; 
that is, 
` 3 ` rig heh : ` i t 
ya BINE (oos B; cos a£4/3 4- sin ps - — Vs, 


These values accordingly result from the more general formulae of article 12 by sup- 
posing , 
3 ^ ` , a 3 N uf ` 
Y1,0= V? Bi cos Bi, yo ZV? Bisin fr, 
3» TIS LA LE CNET 
¥a,0= -VŽ Bi cos Bi, Y2,0 7 -*Y? Bi sin gj. 


59-2 
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And if we had supposed j= 1, k= 2, we should have been obliged to take i=1, T, v 


0-a= =, 0+a=5> 
Yi+n,1= $B (cos B5 cos at + 4/3 sin f sin at) cos (2h — 1)2; 
that is, 
V3 p . Ayes 
Jui Vat 747 B; (cos B5 cos at + 4/3 sin B; sin at). 


Accordingly these expressions result from the formulae of article 12 by supposing 
3 ` ` , , 3a P ^ 
Vo Vo Bi cos Ba; J1o732o— 4 Pssin Bs. 


36. Whatever j may be, if we take k odd and = 2« — 1, we must take i even, and of the form 
2,; x and ı being each some one of the integers 1, 2, ... 7. Hence, in this case, 


Um 


2c 2(—1) ` in —— 
Vine™ UWiL Bj, 1X [cos B3, COS (2 sin sr Ez 71179 B41 : 
. (25—1)m — (x«—i)m 


| sin ——.——_— C08 —; 
mee i . (k—ł4)r 2j4-1 2) 4-1 
+ sin Bi, , sin ( 2atsin 7 )sin 3/41 cos k=, Ber os s ET . (22) 


HLE — +1 
And if, on the other hand, we take k= 2x and 4 —2v— 1, we have 

2(—1)* jy —3)7| .. (—3)* 

Yj+ht= dil Bj 2l [cos Bzy cos (2atsin! sin "gs 1 " sin 241 

(2h — 1)((—3)7 .. (.—3)7 

cos BA Ps 11 sin ——— 7 I = cotan H+1 

ba (2.—1)7 
2j41 °° B+ 

And these formulae may be considered as rigorous with reference to the present question. 


. (23) 


-- sin B5, sin (2atsin C sin ni iia 7) sin 


2j 1 ES 


37. Supposing now that j increases without limit, but that & so increases with it as to 
leave « —some finite arc, between 0 and 53 we shall have, as the limits of the two last formulae, 
the following: 

2 2 | "EO 
Yini => (—1)* Bye f d0 {cos Pz«—ı cos (2at sin 0) sin 0 + sin B;,.., sin (2atsin 0) sin aj 
0 
sin (2^8 — 0)cosa 


cos 2x—cos 20 ' (24) 
and i 
9 m 
Yjah t= m ~ 1) Be. II {cos B5, cos (2at sin 0) sin 0 + sin B5, sin (2atsin 0) sin a} 
0 
< £08 (2h0 — 0) sin « cotan E (25) 


cos 2a — cos 20 
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the first corresponding to the case k = 2x — 1, & the second to k = 2x. It is evident that both these 
expressions satisfy the equation of mixed differences; & to show that they also reproduce the 
initial displacements and velocities, we must show that they give, according as the integer h 
is > or not » 0, 

Y;+n,0= F 2B;, cos B; sin 2 (j +h) «, 

Yij+n,o= + GB, sin B; sin 2(j +h) «sin «; 
ien 
jF so that 
sin 2 (j +h) « — sin {4h + (25 — 1) a} 2 sin 1er cos (2h — 1) «+ cos kr sin (2h — 1) « 

—(—1)*eos(2h—1)x, or -(-1)*sin(2h — 1) «, 


according as k is of the form 2x — 1, or of the form 2x. 


in which «= 


38. There are, therefore, for a verification, or for an à posteriori proof of the formulae of 
the last article, the 2 following equations to be proved:* 


m cos (2ha— a) _ 2 sin 0sin (240 — 0). 
cosa Jy  cos2x—ocos20 ' 


_ sin (2ha — a) 2 cos 0 cos (2h0 — 0) 
F — —__—_—- = | dd — LÀ; 
4 sing 0 cos 2a. — cos 20 


the upper signs corresponding to positive values, and the lower signs corresponding to negative 
values, of the odd integer 2/5 — 1. 


Now, if we put i 
` EPN 2 cos 2h0 
nT j o C08 20—cos 2a” 


we shall have, for all values of h, 


4. 2 E. j 
Ch+1 + Ch-1 — 2008220, = -sin 2a f cos 2h0d0 — sin 2a sin Ar; 


therefore this function vanishes, if h be any integer > or «0; but c, -- c , — 2c08 2x0, = 2 sin 2x. 
Again ¢,=c_,; and ¢y=0. To prove this last relation, we may set out with the evident 


relationt 0 aj an which gives 0 = Í 


-%0 


of the value of this definite integral belongs to the theory of singular integrals, considered 


first by Cauchy;) therefore 
o- fl dx — dx )=20 9 dz 


o \e-a@ xt+a o 2? — a? 


oo 


x. a being real; (though the complete discussion 


* | me integrals which follow are to be interpreted as being Cauchy's Principal Values, i.e. 
fte 2 
o e=0\J0 ate 


o dx —€ dx 
T | ES È zif Fo. 
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and therefore 0 f uiti , if a be real and different from 0. Make x= tan 20, a = tan 2a, and 
T 
suppose (cos 2x)? » 0; then 


E dO (sec 20)®sec 20, _ f dó do | " do 


o (sec 20)? — (sec 2)? Jy \cos 2a + cos 20 T cos 2a — cos 20) o COS 2% — cos 26” 


which is what was to be proved. (However, it is to be observed that we have here supposed 
cos 2« to be different from 0. Yet even if it were =0, so that we had to consider the integral 


02 


2 
f Soas "L we might consider this as being jt (sec 20 — sec 20) d0, and therefore as being = 0.) 


Admitting then that c; — 0, we have c. , —c, =sin 2x. Hence c, — sin 2ha, if h be any integer not 
less than 0; and c; = — sin 2ha, if h be any integer not greater than 0. That is, 


Í 2 cos 2h0 7 sin 2ha 
r «9, 


o 0s 20—cos2x ~ 2 sin2a ’ 


according as the sah his 20, or =0. Hence, if h> 0, 


cos 250 — cos (250 — 20) _ 7 Sin 2ha — sin (2ha — 89), 
" cos 20 — cos 2x 3 sin 2« 


that is, dividing by + 2, 


favo Bani M vagi pola 
o cos2x—cos20 4 cosa 


if the integer 25 — 1 be > 0; from which, without any new calculation, we see that 


if gin Osin (220-8) _ _ 7 cos (2ha—a) 
o Cos 2a — cos 20 4 cosa 
if the integer 2h— 1 be <0. 


In like manner, if h be > 0 (being integer), we have 


cos 2h0 + cos (2h0 —20) 7 sin 2ha+sin (2ha— = 
0 cos 20 — cos 2« 12 sin 2x 
that is, 


do cos 0 cos (2h90 —0) ^ m sin (2ha — a) 
]. cos2a—cos20 ^ 4 sina ” 


if the integer 2h — 1 be » 0. And hence, without any new calculation, we see that 


J^ cos 0 cos (240 — 0). m sin (2ha — a) 
o 0082u—c0820 4 sing ^' 


if the integer 25 — 1 be « 0. The initial conditions are therefore satisfied. 
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39. The same analysis shows that, if the integer h be > 0, 


m 


T 2 dé 
E = I GP AER 2a i t 1 2 Ss 
B 2ho. f: 32 ó 599 2 cose sin 0 sin (250 0) 4- 2sin« cos 8 cos (2A0 6)} 


ud qe £98 | (2A0 — 20) — cos 2x cos 2&0 — 2 sin 20 sin 2h0 
cos 2« — cos 20 o COS 2a. — cos 20 


and accordingly, if we denote this last integral by f,, we have 


Án t faa — 2fn cos 2« = [n {cos (2^0 + 20) — cos (2A0 — 20)) = 0, 


if h» 1, and — —7, if h= 1; also f; — 0, and 


H 
A =| (eos 2a + cos 20) d0 = ; cos 2a; 
therefore " 
fa m {(cos 24)? — 11 = : cos4a, and f,— Z oos het, 


if h > 0. The same integral vanishes (as we have just remarked) when h = 0, and since it changes 


sign with h, it must become = — 3 cos 2ha, if h « 0. 


We have therefore the discontinuous equation 


JE +cos2ha, or =0, 


TJ COS 2a — cos 20 


according as the integer h is 20, or =0; & we found, in the last article, that 


= sin? ef" goa 2h do —— — — —— = Ff sin 2ha, or =0, 


cos 2a — cos 20 


according as the integer h is 20, or =0. Indeed, we may consider both the two last equa- 
tions as included in either of the two which occur at the beginning of article 38; & as 
conducting reciprocally to those two, by easy combinations. 


40. We see then that if we assume 


2 d0 sin (2h — 0) 


"uei aver" {0 sin 0 cos (2atsin 0) + csin « sin (2at sin 0)}, 


pads 
Yni = — — COB a 
b and c being any constants, & h being any integer number, we shall satisfy the indefinite 
"iecit in mixed differences 
a? (Jn i11 Vn31,7 Wht) = Yh t> 
and also the initial conditions 


Vno — ES s ^ 
b Taking i000 a), 


www.rcin.org.pl 


472 XIX. VIBRATION AND THEORY OF LIGHT [40-42 
according as 2h— lis > or <0. In like manner, if we assume 


csin « 
sin 0 


mme M 2 d0 cos 0 cos (2h0 — 0) Th 
im ~F sina | cos 2a — cos 20 [b cos (2atsin0) + 


sin (2atsin 2 í 
we shall satisfy the same indefinite equation in mixed differences, and the conditions 
Yo T _ iig xa 
b | 2acsin« t $sin (256-0), 
according as 25 — 1 is 20. If we assume, in the third place, 


2 2 d0 cos 6 sin 2h0 À A T R 
EB NL -2f cos 24 — cos 28 © Sin 9 cos (2at sin 0) + c sin «sin (2atsin 6)}, 


we shall satisfy the equation in differences, & the conditions 
Vno |. Yn,0 -I D 
iue tmd $cos2ha, or =0, 


according as h is 20, or =0. And if we assume, in the fourth place, 


csin & 
sin 0 


? dO cos 2h6 
o COS 2% — cos 20 


Yh, = —*sin 2a fa cos (2at sin 0) + sin (2atsin) 


we shall satisfy the same equation in differences, and the conditions 


Uno Yro : 
= = 2 = + =0 
b sai: lsin2h«, or y 


according as h is 20, or =0. 


41. It follows that the first expression of article 40 corresponds to the effect, at the time f, 
of an initial state represented by 
Yn,a= * 4 (b cos (2adtsin «) + csin (2adtsin «)) cos (2ha — x), 
and the second expression of the same article to the effect of an initial state represented by 
Yn,a= + $ (b cos (2adtsin a) + csin (2adtsin «)) sin (2ha — a), 
the upper or the lower signs being taken according as 2h> or <1. 


It follows also that the third expression of the same article corresponds to the effect of an 

initial state represented by 

Yn u= F} (b cos (2adtsin a) -- csin (2adtsin a)) cos 2hx, or — 0, 
and the fourth expression to the effect of the initial state 

Yn, u= t {bcos (2adtsin a) -- csin (2adtsin «)) sin 2hx, or =0, 
according as h is 20, or — 0. The system of particles is here supposed to extend indefinitely in 
two opposite directions from the particle P,, so that no account is taken of any fixity of the 
extreme particles. 


42. Resuming then the consideration of the case where half only of the system is agitated 
at the time 0, we see that if this system be indefinite in both directions, and if its initial state 
be represented by the formula 


Yn, at = COS (2ha — a) . (b cos + c sin) (2a sinadt), or —0, 
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according as h is not greater than 0 or is greater than 0, its state at the time ¢ is represented by 
the formula 


Yn,1= 3 (b cos + csin) (2atsin x) cos (2h — æ) 


sin (2A0 — 0) 
- cos « [as sinu cos 2a — cos 25 È Sin 0 cos + csin a sin) (2at sin 6). 


And if the initial state be 
Yn,a= — (b cos + csin) (2a sin adt) sin(2hx —«x), or —0, 
according as h is not greater than 0, or greater than 0, then the state at the time ¢ will be 
Yn, = — $ (b cos + csin) (2at sin «) sin (2ha — «) 


P = sin f dé n eoni m rie 0 (b sin 0 cos + c sin « sin) (2a£ sin 0), 
for all (integer) values of . And hence, by an easy combination, we find that if the initial state be 
Yn, u= (b cos -- csin) (2asinadt)sin 2hx, or —0, 

according as his +0 or 7 0, the state at the time £ is 


Yhn, t= 4 (b cos +c sin) (2at sin «) sin 2ha 


T 


sin 2x 2 dé cos 250 
H Ta — soa gp in gcos + csin asin) (2atsin 6) 


In like manner, if the initial state be ; 
Yn, a= (b cos + csin) (2a sin adt) cos 2ha, or =0, as h+0 or >0, 
then the state at the time ¢ is 
Yn, i= $ (b cos + c sin) (2at sin «) cos 2ha 


, 908 2a cos 250 
dies an dole dau aaa (b sin 0 cos + c sin « sin) (2at sin 0) 


1$ d0 cos(2h0—20) , . : 4 f 
v yen Pontes fa e oon oain a cin) (asi 0) 


= 1 (b cos + csin) (2atsin «) cos 2ha 


aft cos 0 sin 250 


Sos 25 — cos 2 È Sin 0 cos + c sin asin) (2at sin 6) 
‘ si 


T 


+= [ ag EST (bsin cos + csin asin) (2atsin 6). 
mjo sin 0 


43. The third conclusion of article 42 might also easily have been deduced from the fourth 
conclusion of 44. And the fourth conclusion of article 42 might have been deduced from the 
third conclusion of 41, namely from the theorem that if the initial state be 


Yn,at= * 4 (bcos+csin) (2asin «dt)cos2ha, or =0, 


HMPII 60 
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according as h is 20 or =0, then the state at the time ¢ is 


OR nca) (b sin 0 cos 4- c sin asin) (2at sin 6). 


nt 77, J o cos 2a — cos 20 
For we have only to add to this the term 3 (b cos + csin) (2atsin x) cos 2ha, to allow for the 
additional parts of the initial states of all the particles except P; and then to allow for the 
remaining part of the initial state of that one particle, namely the term 
Yo, a= $ (b cos + c sin) (2a sin adt) = $b -- ac sin «dt, 
by means of the formula (12) of article 18; which shows that, in the indefinite system here 
considered, the effect of this initial state yp ;, of the particle Py on any other particle P; at 
any time ¢ is 


j 7 
E (0 + 2ac sin af ZI dô cos 2h0 cos (2at sin 0) 
0 0 


m 
> ' 
- d0 cos 2h60 (0 cos resin) (2at sin 0). 
TJo sin 0 
44. To treat now the question proposed in article 32, we are to suppose, in passing to the 
limit there required, that for all integer values of h > 0, we have 
Vjsn o7 0, Vin, o7 O, 
j being some very large integer number which however is to be treated as given; (but as infinite; 
that is, in one part of the calculation we are not to consider it as varying, but in another part 
of the same calculation we are to treat it as increasing without limit;) and for all integer 


values of h 0, 
Y;+n,0 = Bj, cos B; sin 2 (j +h) «, 


Vj, 0 = 2a sin « B; sin B; sin 2 ( +h) «, 


liz 


B, and B; being arbitrary constants, and a= ay pome given and finite arc. And the 


problem may be considered as being to find a function y;,; , of h and t, which shall satisfy the 
initial conditions just now mentioned, & also the indefinite equation in mixed differences 
Vj--h t7 9 5h t Vh Wj ht) 

Now, the initial state y,,;, 4 here proposed may be considered as the sum of two others, of 
which one is expressed by the formula 

Bj}. cos 2ja (cos Bj, cos + sin fj, sin) (2adtsin x) sin 2h«, or 0, 
and the other by the formula 

Bj, sin 2j« (cos B; cos + sin B; sin) (2adtsin x) eos 2hx, | or 0, 
according as the integer h is + or » 0. The first part of the initial state gives, for its own effect 
at the time t, by article 42, 

1B, cos 2j« (cos B} cos + sin B; sin) (2at sin «) sin 2ha 


2 dé cos 20 ; (cos B; sin 0 cos + sin B; sin « sin) (2at sin 6); 


1 
TB aal SM tk We T. Ir. oroc EA 
Tace n E o Sin 6 cos 2a — cos 2 
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and the second part of the initial state gives, by the same article, 
4B), sin 2j« (cos B;, cos + sin B; sin) (2at sin «) cos 2ha 


Bi ieee dns 2 cos 0 sin 2A0 
nos B; sin aja [^ dé Mee 2a ee (cos B; sin 0 cos + sin f;, sin « sin) (2a¢ sin 0) 


- 3 Bj, sin sj |? d0 cos 2A0 (cos Bj, eos + oe sin Bi. sin) (2at sin 0); 
T 0 sin 0 


the last line of which last expression would have disappeared if the initial values y; ọ and Yio 
had been only half as great as they are here supposed to be. The whole effect at the time f, or 
the expression for y;,; ,, is, therefore, in the present question, 


Vj4n,L7 3B sin 2 (j +h) a. (cos Bj, cos -- sin B; sin) (2at sin «) 
alg f au 1 m2 (TTL K sn dde oos 205 7 1) 8 
T 0 cos 2a — cos 20 


x (cos Bi cos += ms in Bi. sin) (2atsin 0). (26) 


Accordingly it is evident that this expression satisfies i indefinite equation in mixed 
. differences; & it satisfies also the initial conditions, because the theorem of article 38, 


f 2 cos 2h6d@ _ 7 sin 2h« 


cos 2% —cos 20 t3 sin 2a ' 


or =0, 
according as the integer / is 20, or — 0, gives 
Iu 2 cos 2h6 sin 2 (j + 1)« — sin 2ja cos 2 (h — 1) 0 
-B| d6 — — ——— —25———9;—————— 
cos 2a — cos 20 


, Sin 2ha sin 2 (j + 1) « — sin 2ja sin 2 (h — 1) « 
7 sin 2« 


II 
+l 


I 


i 
1B, (sin 2ha cos 2j« + sin 2ja cos 2h) 
$ 


F 
= F 4B}sin2(j+h)«, 
according as his > or +9. 


45. We ought also to be able to verify the expression obtained in the last dr) by scaena 


from it those of article 37. Suppose then k= 2x — 1 and n= 2); we shall have «= 5 d T. there- 


fore 
cos (2ja+a)=0, sin (2ja+a)=(—1)+t; 
therefore 
sin 2j« =sin (2ja + 2«) 2 (—1)**!cos«; cos 274=(—1)*+sin q; 
sin 2 (j +h) «=(—1)*+1cos (2ha—«); 
and 


Vj i7 3(— 1)* B. cos (2ha — x) . (cos B5,.., cos + sin Bo. Sin) (2atsin «) 


sin (2h0 — 0) 


T7 

9 2 
PE ^2 Lyc pati ES SSE OX 
jp Ped Gerda aee af 0 1: cos 2a — cos 20 


x (cos B5, sin 0 cos + sin B5,. , sin « sin) (2atsin 0); 


60-2 
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an expression which accordingly differs from the corresponding one (24) of article 37 only by 
the addition of the first line, which was there purposely suppressed. Again, if k= 2x, a= T ^ 
then sin(2jz+a)=0, cos(2jx+a)=(—1)*, sin(2j«--2x)- (— 1)*sina — — sin 2j«, 

cos 2ja=(—1)*cosa, sin2(j+h)a=(—1)*sin (2h — a), 
and 9y;,4:7—$(— 1)* Bs, sin (2ha—«) . (cos B5, cos 4- sin B5, sin) (2atsin a) 


cos 0 cos (240 — 0) 
cos 2a. — cos 20 


+2 By (—1)“sina {dd (cos Bi, cos + 52% js sin i, sin] (2at sin 0); 
0 


an expression agreeing, as closely as it ought, with (25) of article 37 - 


46. The results obtained in recent articles may be used so as to throw light upon the 
analysis begun in article 32. In fact we may now easily perceive that, by admitting the 
transformation in article 31 of sums into integrals, an expression for y; , or for Y;j+n,¢ is deduced, 
involving functions of | +j, namely an expression consisting of the two following parts*: 


n hreig I) 0. sin 2(j+1)a— cos 2(j—l+ 1) 0. sin 2ja 
cos 2a — cos 20 


l MAG us. Pj 
x (cos Br cos + sin gen Bi sin) (2at sin @); 
and 
fasti eel 
0 


T cos 2q — cos 20 


x (eos Bj, cos + gsin Bi sin) (2at sin 0). 


The first of these two parts coincides with the second part of the expression for y; , ; ,in article 44, 
when we change / to 7+h. With respect to the second of the two parts assigned in the present 
article, it may be remarked that (see article 32) 
—cos 2 (j -1) 6. sin 2 (3 - 1) « 4- cos 2 (j - 0 -- 1) 8. sin 2j« 
= —sin (0 + «) . cos ((25 + 21 + 1) (0 — a) + 2læ} + sin (0 — a; . cos {(27 + 20 4- 1) (0 + a) — Qla}; 

and that cos 2« — cos 20 = 2sin (0 — «) sin (0 + æ); therefore, dividing by this latter function, and 
neglecting the terms which have no small divisors and those which change sign with 0 —«, we 
find, for the part still to be considered, the expression 


sin (27+ 27+ 1) (60—«) . 


sin (0 — «) sin 2/« (cos 8} cos + sin B; sin) (2atsin «) ` 


= 1B,sin2(j--A)«.cos (2atsin « — B), 


l p j^ 
s AJ, 


coinciding with the first part of the expression in article 44, because j + / increases without limit. 
* [If these two parts are joined together under the integral sign, the resulting integrand does not become infinite 


when 0 —« and can be evaluated by ordinary methods. The process here consists of taking each part separately and 
interpreting each integral by Cauchy's method and the method of fluctuation.] 
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47. Resuming now the analysis of articles 30 and 32, we see, in the first place, that the 
expression (18) may be decomposed into two parts, namely the two values of the expression 


+Ê Bi XS cos 2 (j x 1) i$ .sin2 (j + 1) kb —c082 (3 Y 0 4- 1) id. sin 2j ko 
cos 2kd — cos 2i$ 


x (cos Bicos +=" si sin Pisin) (2at sin i$); 


in which go, and j, k, l, n are finite. We may also change 
eod y 7X0; to C E X5 Co Xia Co 
in which 
1B; sin 2 (2j + 1) ké), 

C= dd 2.3. | £99 Qatsin bó — Px) sin 2kld faj+ j^ m A, 
this last expression being rigorously that part of y,, which has rigorously the periodic time 
= cose kd. Let j, k,l, n be very large, but such that the ratios 2 i 4 : are sensibly » 0 and <1, 
and that Lt is sensibly =0. Then ¢ is extremely small, and so is even 2( j-b4- cim, 
although the number j —/ may be considerable. Thus, the part C; of C; which involves j — i 
alters very little when 7 is changed to t+ 1; unless the denominator becomes small by ¢ being 
nearly = k, or atleast by i$ — kó being small, which may be while i — k is considerable; and there- 
fore, with respect to this part C}, the conversion of summation into integration is permitted 
unless it shall be found that this conversion is invalid near the critical value i$ = k¢. To examine 
what happens near this value, lett = k + g,g being aninteger > 0 or < 0 which may be considerable 
itself but is to be so chosen that the product gó may be moderately small: & let us calculate 
sin 2 (1— 9) 9% „pq Sin (2at cos kosing). hw eate 


Oi, + C, ,. This sum is found to involve 
kg k-g sin gó sin gd 


have to sum expressions of the form 


sin 2 (/—j) gó sin (2at cos k¢ sin g¢) 

, ox ——— ; —— TM , 

PCM. OXF 19 PX sin sd f (99) 
from g = 1 to g =a large integer, and the functions f (g$) not varying rapidly near the lower limit 
of this summation, while ¢ is still extremely small and tends to 0. But such summations 


g$ 
X019 x (&c.) may be replaced by the definite integrations i d(gó)(&c.); & therefore, (on 


account chiefly of cin 703 and sin (20 cos a. sin E) bearing determined limits to sin f 
when n tends to oo,) it is permitted to change the summation (25! + 2054.1) $ into a definite 
integration Í : dð, for that part C} of C; which depends on j — l. With respect to the other part C7 


of C, which involves j+1, we see that this part involves cosines of arcs which receive a finite 
increment 
(@+)a 


npl’? 


=2(j +) d= 


when i is changed to 1+ 1; while these cosines are multiplied by functions which receive, by 
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the same change of 7, only infinitely small alterations, except near the critical value i$ = kd. 
It is therefore permitted to reject all values of ? which do not render g¢ = i$ — kd small; and the 
limit of this smallness is 0. We may therefore, after employing the transformation indicated in 
article 32, change i into k, or 0 into «, except in 
. €os {2la + (2j + 21+ 1) gà) + cos (21a — (2j + 21+ 1) gd) 
sin gp 
which may be reduced to 
2 sin Zla sin (2j + 21 4- 1) gó 


. gó 
It remains therefore to calculate the sum 
ys l intlta. 
bag g n+l 


for we shall have 
(Zor E43) Ci -Shii sin 2læ cos (2at sin « — Bj) 21- of Rar iaiia Gr 13) 377 


g n+l 
(j40-3)m. 


B 
"us n+l 


is >0, «2; therefore, by a known theorem, 


se l ong+l+)r_r( jid 
jx sin ni loud n+l 


accurately; we may therefore write, for this sum, 3 ;ü -i. & we have for that part of 
Xy (£7 + $14) C; (observe this notation) which depends on j +l, the expression 
(i-2 Bein dia cob (Sat ein x Bs), 


And since C,= Z B, sin 2la cos (2at sin « — Bj), we have, upon the whole, 
Y i= $ B, sin 2la cos (2at sin « — py) 


cos 2 (J—j) 0 .sin 2 (j + 1) « — cos 2 (1—j — 1) 0 . sin 2j« 
Td Bi [ Brie cos 2a — cos 20 | 


x (208 Bj, cos NS = jain Bi sin) (2atsin@); (27) 


an expression which coincides with that marked (26) in wey ^i 


48. Theanalysis of the foregoing article shows, at the same time, by what steps we may pass 
back from this expression (27) or (26) to that marked (18) in article 30; that is, from the 
supposition of n infinite to that of n finite. In this return, we are 1st to restore for « its value 


n+l 
al de olg namely 3 B; sin Zla cos (2at sin « — B;.), (x retaining for abridgement its meaning just 


recited,) to resolve the factor } into two parts which are nearly 2 


to substitute for this part free of the siġn f the sum of the two following functions: 
2j+1 EE 


t ; 21d to change 1i dé F (0) to 2n AIT i oil (55 jin T); 3rd in the part free from the sign of 


and i — 55 or, more precisely, 


` 


B; à Siok 
Garg 7 008 (2at sin « — B) sin 2la Se 


2 sin 2« 
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and 
Bi, NE cos (2j + 20+ 1) (0--«) —2la} cos {(2j + 21-- 1) (0 — a) + 2la} 
4 (n 4- 1) e T sin (0 + «) imu a) | 
x (eos Bj. cos pain Bi. sin) (2at sin 0); 


in which 0 — pe y 
n+l 


49. With -— to the physical meaning of this last resolution of the factor 4 into the two 


j 


parts = Í ada i-i ~ , the foregoing analysis shows that the part = 3, corresponds to the immediate 


effect of the initial state, namely 
Y u= Bj, sin 2lxcos (2asin «dt — B;), or =0, 
according as l> or >j, in producing the part 


2 B, sin 2la cos (2at sin « — B;.), 


for all values of / (from 1 to n) or, more precisely (when x is finite) the part 


apts. SBA Wet bs 
zariy Basin 2e cos (2atsin a— f 
with the same periodic time 7 cose a, & the same number of venters pus = (n+ 1), as there 


would be in the initial state, ift that were extended to all values of / and ¢. In sh a manner that 
if one third part only of thesystem (supposed numerous) be originally agitated so as to correspond 
with a given simple mode of vibration, or with a given value of E, then the whole system becomes 
agitated with all possible simple modes superposed upon each other, corresponding to all 
possible values of i (from 1 to n), but the amplitude of the ktt mode is 4 of the initial amplitude. 
And the modes for which 7 is nearly equal to k, or more precisely for which 0 is nearly equal to «, 


so that their periodic times = cosec 6 are only a little less or a little greater than 7. coseo a, 


‘besides producing the effect expressed by the definite integral in the formula (27) or (26), 
produce also a resultant mode which (if » be large) coincides nearly with the simple initial 


mode k & has an amplitude which bears to the initial amplitude the ratio of } — 2 to 1. Thus, when 
(as in the case just now mentioned) the initial agitation occupied only the third part of the 
(numerous) system, so that ?- 4, we have 4-2 — 1, and the indirect effect (extending to the 


whole system) increases by 4 of the initial amplitude the immediate or direct effect which had 
been found to amount to 4. This indirect effect is produced in an indefinitely short time £, and then 
is permanent; so that if » be very large, there is at once produced for the whole system a per- 
manent mode of vibration which coincides with the initial simple mode in all respects except 
that of having an amplitude only half as great; which ratio does not require for its establish- 
ment that the part originally agitated should be exactly or nearly half of the whole system. The 
remaining effect, expressed by the definite integral, corresponds to a complex mode of vibration 
formed by the superposition of infinitely many simple modes ; but when the time elapsed is very 
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small, it reduces itself sensibly to a single mode, namely the initial mode k; or rather to two 
coexisting movements with the initial period & epoch, but with amplitudes which bear to the 
initial amplitude the ratios of 3 and — 1, according as lis < or >j, and so reproduce the given 
initial discontinuity. We shall soon consider whether any and what reduction of the same sort 
takes place when the time elapsed is large. 


50. The definite integral in (26) or (27) may be transformed by observing that of the two parts 

sin (0 + x) cos ((2; — 27+ 1) @~(2j+1)a} and -—sin(0— x) cos ((2j — 21 -- 1) 0 -- (27 + 1) a}, 
into which (as was remarked in article 32) the numerator 

cos 2 (1—3)0.sin 2(j - 1)« — cos 2 (L—j — 1) 0. sin 2ja 
may be decomposed, the second results from the first by changing 0 to m — 6; while cos 20 in the 
denominator & sin 0 do not alter by such change. In this manner we find that the formula (27) 
may be thus written: 
Yı, ı = $B), sin 2la cos (2at sin « — py) 


+ = B; |" ao celle me. bal LA mal ene ee (cos Bi cos + 524 jsin Bi sin) (2atsin0). (28) 
icd 0 


sin(0—«) | 
(As this is a decided simplification of the integral (27), it will t interesting to inquire whether 
we cannot find a similar simplification of the sum (18).) 


51. Under this last form, as under those found before, we see clearly that the function 
Yı ı satisfies the indefinite equation in mixed differences; and to show that it satisfies also the 
initial conditions, we ought to be able to show that 

AN qo £93 (Gh — 1) (0 — a) + 21a cos ((2h — 1) (0-a) + 2lo} — X sin 2la, 
TO SATUS ee CR RO 9 00 
according as 25 — 1 is 20. This discontinuous equation appears to resolve itself into the two 


following: 
F cos (2h — 1) (0—4) _ 
d8 —___——_—— 
sin (0 — «) 
for all integer values of h; and 
d" qo Sim (Oh — 1) (0 — ) 1)(8 — a) 


sin (0 — «) 
according as the integer his > or +0. Accordingly 


cos (2h— 1) (0—a) _ we "m 
A, [" ape EA =~2"dosin 2h (0-2) =0, 


a, |" 9 8708 — D 0574) Laut o 8 OCULIS ae 
sin (0 — x) 0 
according as h is Z or =0; so that it only remains to prove that Í Mt Mcd — 0, and this 
0 tan (0 — «) 
integral 


-2sinza | — 


H 2 dô sin 2a 
-| dB (cotan (8— «) —cotan (0+ a)}= | o Cos 2a— cos 20 


o Sin (0 + «) sin (0 — «) 


by article 38.* 
* [See note, p. 469.] 
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52. Itis evident also from inspection of the integral in (28) that this integral reduces itself 
to — 1B; sin 2l« cos (2at sin « — B;), that is to the part free from the sign f, taken negatively, (so 
that the one part of the formula destroys the other,) if we take j = — œ, orh=1—j=oo. A result 
which might have been expected, because, by throwing indefinitely far back in the system the 
origin of the disturbance we must render the effect of that disturbance insensible for any finite 
values of / and t. And we have thus a new explanation of the term independent of integration; 
namely that it is the negative of the value of the integral term for j= —oo. We may therefore 
write the formula (28) as follows: 


n 5i is asus [cos ((21 — 2j — 1) (0 — «) + 2la} — SH 2j, +1) (0 — «) + 21a] 


x (008 Bj, cos +5 ae ——< sin Bi. sin) (2atsin0); (29) 
in which j, = — oo. And if we treat j, as finite, we may then in this last formula as express- 
ing the solution of the question: 


To find a function y, , which shall satisfy the indefinite equation i in mixed differences (1), and 
also the initial conditions 


Yı 7 Bj, sin 2la cos (2a sin adt — Bj), or =0, 
according as / is, or is not, one of the j —j, + 1 successive integers j,, j, + 1, ... 7 — 1, j. 


53. This question might have been resolved by the help of the formula (12), which, when 
applied to it, becomes 


jii = Bf? dO {Z}; sin 2ja cos 2 (j — 1) 0} (cos Bj, eos + sin Bi. sin) (2atsin@); (30) 
0 
in which 
224); sin 2ja cos 2 (j — 1) 0 = Zi}; {sin 2 (50 + ja — 10) — sin 2 (56 — ja — 10)] 
cos ((2j, — 1) (0 + æ) — 210 — cos {(27 + 1) (8 + «) — 216} 
2 sin (0 + «) 
. cos {(2j, — 1) (0 — a) — 216} — cos ((2j + 1) (0 — a) — 210} , 

2sin (0 — «) 4 
so that the formula (30) reduces itself to (29). And because the formula (12) admits of a very easy 
proof, and may almost be said to be obviously true, it might have been a better or at least a 
more elementary mode of proceeding to have begun by deducing (30) from it & to have then 


transformed (30) into (29) in the manner just now indicated; after which it would have been 
easy to pass to (28) as the limit corresponding to the supposition j, = — 


54. The formula (29) may be thus written: 


I. 1" MB ,1)(0—« 
ETIRADI 


= CES) code Med 95) meni) 


i ous, E P Fen 
x (cos fj, cos sin Bisin) (2atsin 0); (31) 


in which we may remember that j — j, + 1 is the number of particles P; , ... P; originally agitated; 
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and 123 is the distance of the particle P, from the middle of the initial agitation. If j, =j, 
that is, if there be but one particle originally agitated, this last expression becomes 


n= B; f "dO sin {2 (1—j) 0 + 2ja} (cos Bi cos +4 sin Bh sin) (2at sin 8) 


=- Bi sin ss [^ dô cos (2 (1L—j) 0) (cos Bj, cos VERE jsin Bi. sin) (2atsin 0), 
as it ought to do. 


55. Article 32 and all the subsequent articles have had reference chiefly to the case of a 
system or series of particles extending indefinitely in both directions from the particle P}, of 
which the motion is to be examined; but it is easy to deduce analogous results for the case 
considered in article 31, in which the system is indefinite in one direction only, the particle P, 
being fixed. The formula (19) for this last mentioned case "- be thus written: 


NT sin (2j + 1) (0—«) . x BIL Osis! an | Wr 
NK" A pii eet sin 2/0 (cos Bj, cos + s pain B,sin|(2atsin0); (32) 


and might have been obtained from (10) under the form 


Vui : Bf d0 (X, sin 2j« sin 250) sin 210 (cos Bj, cos + ea sin B;. sin) (2atsin@). (33) 
0 
And if, instead of Zå, , we take 275, , that is, if we suppose only the — j, + 1 consecutive particles 
P; , ... P; to be vigili agitated, we have then 


vaL Bil "qp Qu D cos (jj) (9 x) sin 218 


i COO ee T " 
x (cos B; cos + sing Bi sin) (2atsin 0). (34) 
If only one particle P; be originally agitated, then j, =j, and the last formula becomes 


9.7 — zB" dô cos 2j (0 — «) sin 210 (cos Bj, cos (Ens gsm Bi sin) (2atsin 0) 


" tp sin 2ja E dô sin 250 sin 210 (cos Bj), cos r Asin Bi sin) (2at sin 6), 
agreeing evidently with (10). 


56. It is worth observing that the formula (32) may be obtained from (31) by changing j, 
to — j. And it is easy to explain this circumstance. In fact, instead of supposing P, fixed by any 
external cause, we may suppose it to be originally at rest, and to remain so because y. ; o= — y; 
and y/,,— —Y,0, a8 was remarked in article 19. But in this view we must suppose, in the 
question of articles 31 and 55, that the 2)+1 particles P_;, ... P; are all originally agitated 
according to the law B}sin 2/x cos (2a sin «dt — B;); except the particle P,, which fulfils this 
law by being undisturbed, & any others which in like manner have sin 2la — 0. 


57. An analogous reasoning may be employed to deduce the solution of the 1st Problem 
from the formula (12), or the laws of vibration of a finite from those of an infinite system. To 
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illustrate this transition, let us begin by considering the case where, for all values of j, positive & 
negative, — 
Y;,0= Bi sin, Yj,0=9;3 
so that 
Yoj,0o=9 and Yaji1,0= —Yaj-1,0= Bi. 
The formula (12) may in general be thus written: 


m : : 
Vc =I. dO E- o cos (210 — 250) (vs + vof dt ) cos (2atsin 0); (35) 

0 0 

& in the present case it becomes 
yu i Í : d6 (zo; sin 230 sinz) sin 2/0 cos (2at sin 0); 
0 
in which 
2X), sin 2j0 sin? = 2 (sin 20 — sin 60 + sin 100 — &c.) 
. TT 

sin 4A (0 — z) 


j — 1) gj 
— lii 2 Yf,, sin 90 sin” = lim C37 sin 9, yi 
j=% 2 À\=0 cos 20 À= sin2(0—7 
4 
therefore 3m z sin 4 ( 0— 7) 
Y,4=—— lim | dé sin 2/0 cos (2at sin 8) 


T rAj=0 J0 ‘ = 
sin 2(6 4 

. lr - 20m a 
=B sin 5 cos (ai V 2) = ¥;,98in > cos (atv 2), 


as found in the 1st example, article 11, for the case of a single moveable particle. Indeed, we 
there considered, on the one hand, only the value /=1; &, on the other hand, supposed y 9 not 


to vanish. But with respect to this last part of the conditions of article 11, if we now suppose 
Yz, o= V1,0 sin? , we get, by the analysis of the present article, the additional term 
Oy! $ sinsa (0-7) ; 
“91.0 lim | "qo sin 2/0 | dt cos (2at sin @) 
T AzoJo . T 0 
sin 2 (6 E z) 


_ la f - . lm sin (at V/2) 
- y! ,sin — | dicos (at V 2) 2 y! asin — ——-———— 
Y1,0 2 J, ( ) Y1,0 8 avs 


which completes the agreement with the results of the 15t example. In fact 


E. sina (02) 
lim | dà ——35—À F (0) =5F (3), 
taba r sin2(0—3] 


if the function F (0) remain finite for the whole extent of the integral. 


61-2 
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58. We might even have considered it as evident à priori that the indefinite integration of 


the equation in mixed differences 
POET i 
u=] FA, TEA Jui (2) 


combined with the initial conditions 
. la y ; A la 
Yo =Y SM y, Yi,o=¥i,08Nns» 


if these be supposed to hold good for all values of the integer l, from a large negative to a large 
positive value, must conduct nearly, and more and more nearly as these initial conditions hold 
good for a greater extent of /, to an expression of the form 


n . lr 
9,7 41,1810 y, 
in which y, , is a function determined by the differential equation 


Jii 7299,65 
and therefore that the integral of this equation, namely 


, Sin at 'v/ 2 
Jii Ji. 008 (at V 2) tyi eV 2) 


av2 ' 
when multiplied by sin "i must express the limit to which the expression 
sin (2a sin 0 
VL ft dé (2-1 cos (2/0 — 250) sin z) (v. o os (2at sin 0) +41, Ad sin ? 
tends as h increases without limit. And since the sum 
E mT 
; sin 4A (0 -— z) 
" st la E iat 4 
2-4 COS (210 — 250) sin 7 = sin 2/00 ———————7 , 
2 , T 
sin 2 (0 — z) 
1 
in which A =; or nay according as h is even or odd, we might thus be led by the consideration of 


the differential equations to discover the following limiting values of definite integrals: 


z sin a(o-7) 
lim | “do 


sin 2/0 cos (2at sin 0) = 7 sin Z cos (at v2); 
àA-oJo0 ‘ T 


li ih n i)a 2at si 6) sin sin (at V2) 
a “sin? (02) sing 9n Patsin®)=—7, 
4] 


59. In like manner, if the initial conditions be 


. T : CU MY 
YTN p 957 UST c 
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and if we use the formula (35) of article 57, we have the expression 


Jui ap dé (25,-<sin 290 sin i sin 2/0 (v + xf. ai) cos (2at sin 0); 


in which Z5. o= 2lim Xii and, by article 24, 
j-o 
sin(2j3-1)(0—«) sin(2j-- 1) (0 a). 


j . . . . I 
42, sin 2j0 sin 2ja sinn) sin(O-baye i 
therefore 
_1(2,. (sin (2j+1)(0—«) siaj +O) a ( f’ | ; 
ja | atti (CE — i sin 2/0 | »; +; m cos (2at sin 0), 


in which «= hum so that «is >0 & < HE ift>0, «n-- 1. We may therefore neglect the part 


depending on the rapidly fluctuating term sin (2j + 1) (0 + «) as being rigorously null at the limit 
j=; and in the part depending on sin (2j + 1) (0 — x) may confine ourselves to the consideration 
of infinitely small values, positive or negative, of 0 — «. We find therefore, as the limit sought, 


t 
9,17 Sin 2a (n + al at) cos (2at sin a), 
0 
the initial conditions being, for all integer values of j, 


Y;,0= 1 8in Ya,  Yj,o= 7; sin Ya; 
and thus the formula of the 4t^ corollary, article 6, for the case of a finite number of particles 
is deduced from that of an infinite number. And hence by reasoning similar to that of 
article 7, we may infer, for an infinite system, that if the initial conditions be, for all integer 
values of j, 


im 
Yj, o= Xi 4jjsin.——— Vj, o7 -Xà 17; sin —— 


ijr 
n+l’ n+l’ 
which require only that (if 7 be integer) we should have the kind & degree of initial 
periodicity expressed by the formula 
Yj, o= — Yan+2-j,0=Yans214,0> 95,07 — V2n42—4,0 = Yan+244,09 


we shall then have, for all integer values of / & for all values of t, the same kind & degree of 
periodicity, which may be expressed as follows: 


ila de dr 
Y= Uf, Sin nex f, dt) cos (2atsin 5" 5); (8) 


, , 
Vii — Yon+2—1,t = 2n 2410 Vi, t= — V2n 42-147 J2n 2447 


Thus the theory of a finite system is included in that of an infinite system, since the formula 
(8) has been deduced from the formula (12). 


60. The reasoning of the foregoing article shows also that if the initial conditions be, for 
the whole extent of an infinite system, or for all integer values of j, 


Yj, o= , Sin ja, V;.o = 1, Sin 2j«, 
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« being any real arc between 0 and F’ (and therefore also if « be any real arc), we shall have, for 


the whole extent of the same system at any time f, 


t 
yi, , Sin 2la g + al it) cos (2at sin «). 
0 


In fact it has been shown, & is evident, that this expression satisfies the indefinite equation 
in mixed differences, whatever « may be. And here we might commence, from anew point of view, 
reasonings analogous to those of article 23; but it seems desirable to pass on to other things. 


61. By a transformation analogous to that of article 50, we may simplify the formula (18) 
of article 30. For if, in that formula, we extend the summation relatively to ? as far as the 
value 1=2n+1, we merely double the whole expression, because (2n 4-2—i)$ —- — i$, and 
the value ¿=n 4-1 gives sin 2ilġ — sin/z —0; & the two lines of the last expression in the 1st 
sentence of article 32 are changed each into the other by changing 0 to 7 — 0; so that by confining 
ourselves to one alone we again halve the expression. In this manner we find that the formula 
(18) may be thus written: ij 

Bi yantigin 919 SI CU D (0—2) 


>» sin 210 


` sing . Ve | ; 
Vu m+ 01 sin (92 (cos Bi cos sin Bsn ) (2atsin0); (36) 


in which 0 — 2 VG 21 y" * atn o Di It is evident that this expression for y, , satisfies the equation 
in differences, & gives yo, ,— 0, y,,1,,— 0; it ought also to give 
Yo = Bj, cos B;sin 2l, y; ,— 2asin « B, sin B, sin 2l«, 
if | be 1, 2, ... j; but y; 4—0, y; o—0, ifl=j +1, j- 2, ... n. We ought therefore to find that 
5,1 Sin 2/0 sin (2j + 1) (0 — a) 
0! Qn+2  sin(0—q«) 


—sin2/x, or =0, 
according as l is not greater, or greater, than j; l and j being integers which are each > 0 and 
« n 4- 1; and 6, « having their recent values. In fact 


sin (27+ 1) (0 — «) 
sin (0 — «) 


= Dj; cos 2j (0 — a) = 1 + 2 X151 cos 2j (0 — a); 


& making 0 — i$, we have 
2sin 2/0 cos 2j (0 — a) — sin (2 (j +1) i$ — 2j«] — sin (2 (j — 1) i$ — 2ja}; 


EU sin (2 (j £1)i$ — Ya} — MM 2ja} 


anGehe sin ((2n + 2) (j +1) $ — 2ja} — sin 2ja, 


unless denominator — 0; therefore 
Lehi} sin 2lió cos 2j (i$ — x) 0 
unless j=l, if j & | be each >0, <n+1; but when j=l, this sum becomes (2n + 2) sin 2l. 
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62. Another mode of verifying, and indeed proving the formula (36), is to show that the 
expression of which it is (relatively to j) the sum, "o 


Ju E X01 sin 216 cos 27 (0 — «) (cos Bj, cos E. jsin Bi. sin) (2at sin 0), 


corresponds to the case of only one particle P; initially iiit: 
Y;,0= Bj, cos B;sin2jx, yjo-—2asin« B; sin B; sin 2j«. 
Accordingly the last expression for y, , may be thus written: 


2 ilir - ijr hin 
Yi = aa aenta si n (u, ot Yj, JR de) cos (2atsin +); 
and under this form it agrees with (7). Reciprocally, in (7), if we suppress the sign of summation 


Xh 80 as to attend only to the effect of the initial state of a single particle P}; & if we represent 
this state by the formulae 


ART - S ijn 1 om in S7. 
in Ier jJ(k—i)m (k—i)r t tha 
24 2n-lg , 
WF ad — M18 VE cos — ———— "Y " ex at) cos (zu sin fa i) 


1 ler j(k—i)r thr 
2n+1 
"nil T= at) Mii sin TM cos'—— ti cos (201 sin wa ix) 


Interchanging ? & k to conform more closely to the notation of article 28, and summing 
relatively to j from 1 to j, we get this other formula, equivalent to (18) or (36): 


sip I gin D G7 
1 pss m T 2n 4-2 
Wt 34513 2 (m+n f at 1 RP ERG Rus Byrne (20 sin n+ =). (37) 


2n42 
Andif wesum, instead, from j, to j, we get this transformation of (17) & therefore this other form 


of the solution of Problem II: 


1 sin (j —j, 1) (0 — «) 
2n+1 , 
I= =i enn f dr 3853 sin (0 — «) 


x sin 2/0 cos M ) (0 — x) cos (2at sin 0); (38) 


Itis evident that this includes the 


hich, as f i ais 
in whic in many former equations, 0 = = RT 3: a= x5 I3 


formula (34). 
Problem III. 


63. It is proposed to determine the consequences of the supposition that the initial states 
of some number of successive particles correspond to one of the two conjugate components of 
a simple movement, (considered in article 20,) that is to the uniform transmission of phase in 
one direction. 


64. Before passing to this determination, it will be convenient to review & recapitulate the 
chief results already obtained. 


www.rcin.org.pl 


488 XIX. VIBRATION AND THEORY OF LIGHT [64 


(I). The number n of moveable particles being finite, so that the differential equations to be 
satisfied are n in number, namely 
Y1, = 9 (0-297 Yz) V, 9 Qi 7 Y2, + V0 
Vs, "ET a? (V2.1 uu 2s. + Yat)» e.t) Unt v a? (Yn—2,t fy 2Yn-1,t T Uai) Ynt dici a? (Unii 2), 1); 
we found that we might satisfy these equations, & therefore also the dynamical conditions of 
the question, by supposing all the displacements to correspond to that simple mode of vibration, 
which is expressed by the formula 


t 
yi, 7 Sin Zla; v » al at) cos (2atsin a); 
0 


in which «; = i and 5;, 7; are constants. In this mode, the n moveable or intermediate and 


7T 

T2: 
the two fixed or extreme particles are, at any moment f, arranged all upon the alternate branches 
of a sinusoid, which has 2 extreme & i—1 intermediate nodes and 7 venters. This sinusoid 
varies with the time, & oscillates between two extreme positions determined by those of the 
first venter. The sinusoidal form is expressed by the factor sin 2/x;, and the oscillation of the 


first venter by the factor 
t 
(v. + a at) cos (2at sin «;) 
0 


= (n cos + LE -) (2at sin Ke (nicos 4- r;!5;sin) (tr), if r;=2asin œ. 


The greatest positive excursion of the venter is attained at those moments, (succeeding each 
other after equal intervals or periods of time, each period 7'; being 


Md cosec cosec —— — 
ti ux TF 2n +2)’ 
when 
ni rim 
cos tr; = A ir;— 
E Vtr ni E Vtr N 
and this greatest positive excursion = B; = Vn? 4- r;?5;?. The greatestnegativeexcursion = — B,, 


& is attained at moments which follow or precede, by exactly half the periodic time 7';, the 
moments of greatest positive excursion; so that if these last be of the form e;+v7';, in which 
v is any integer, positive, negative or null, while e; is such that 

r^ QUEM rn 
Versu. "RT Teper)” 
the moments of greatest negative excursion are expressed by the formula «e; 4- (v+ 3) T';. The 
intermediate moments e; -- (v + 1) T; are such that in them the sinusoid reduces itself to a 


straight line, the displacements of the particles all vanishing; in such a manner that y, ,— 0, if 


COST; €; — 


L— e;-- (v € 1) T;. In fact we have then tr; —r;e; + 2vr $ therefore 


costr;= Fsinr;e;, sinír;— +cosr;e;, (n;cos+7rz1n;sin) (tr;) — 0. 
The variable velocity y;, is expressed as follows, in this simple mode of vibration, for 
any particle P,: 


aps n. 
31,7 Sin 2la; "tog costr;; — 
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in which the first factor sin 2/x; corresponds to the sinusoidal relation between the several 
particles, & the other factor 


, d + 4 
Nit Ni di cos tr; = (9; cos — rini sin) tr; 


expresses the velocity of the first venter. This velocity vanishes when £ — e;-- vT'; and when 
L— e; - (v 4- 3) T,, that is, at the moments of greatest positive or negative excursion; but at the 


moments when t= e; 4- (v +4) T';, & when therefore tr; — r;e;-- 2vm+ 5» the velocity of the venter 


becomes = Fr; Vn} +r7?n;?; it attains therefore at these moments a negative or positive 
maximum of amount & this greatest velocity is equal to V 27? + 252 = V n? + r;?57? multiplied by 
the coefficient r; which multiplies the time ¢ under the signs of periodicity. (In former articles 
ric; has been called ;.) 


(II). The foregoing being a possible permanent mode of vibration of the system, it follows that 
if at any one moment, such as the moment / — 0, the displacements y; , & the velocities y; o are 
all such as to agree with it, then, at all subsequent moments ż, the displacements & velocities 
yj, & y, will still agree with the same simple mode. In other words, if the particles are all 
arranged on a sinusoidal curve of the form y, , — Y sin 2x«; at the moment 0 & also on another 
such curve y, a= Y usin 2z«; at the infinitely near moment df, the coefficient «; being still 
= ii and the coefficients Y, and Y ;, representing for these two near moments 0 and dí the 
displacements of the first venter, (tor which x = A = "à ) then at any subsequent moment t 

i 
the particles will all be arranged on a curve of the same kind, namely y, , — Y,sin 2x«;; in which 
the coefficient Y,represents the displacement of the venter and satisfies the differential equation 
of the second order Y;+7?Y,=0, so that it may be deduced from Y, & from Y ,,— Y,-4- Yjdt 
by the formula . 


t 
r-(r« Y, | dt)oostr. 
0 


(III). By the linear form of the differential equations of the question, it is permitted to add 
together any number of particular integrals or to superpose any number of small motions of 
which each is separately possible. On the other hand, any single initial displacement y; 9, of 
any one particle P;, may be considered as the sum or resultant of n different initial sinusoidal 
displacements of the form y;,—5;sin 2lx,, of which each separately extends to all the par- 
ticles P,, but which destroy each other by interference or superposition for all the particles 
except P;. For we may write y; o= 215, nsin 2ja;, if we so SAONE the n coefficients 7; as to 
have y;= eg Y; o Sin 2ja;; because Xf) (sin 2ja;)? = Li (sin a) - UE . And with the same 
choice of the coefficients n; we shall have as the resultant initial displacement of any other 
particle P, the null expression 


E 


t 2 Te AMAT 
Yro = X519; sin 2l«; = nilo Xip Sin 2ja, sin Zla; = 0, 


l being different from j. The effect of a single initial displacement y; o of any single particle P; 


HMPII ' 62 
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is to produce, at the time t, a system of displacements, or a complex mode of vibration, repre- 
sented by the formula y;,— i Yj, o 951 Sin 2ja, sin 2la, cos tr;. In fact this complex mode is a 


possible permanent mode, because it is the sum of n simple possible & permanent modes; & it 
reproduces the initial conditions, giving y, ; = 0 or — y; o according as / (being integer) is different 
from or equal to j; & giving y; — 0 for all values of l. In like manner the effect of any single 
initial velocity y; is to produce the complex mode of vibration represented as follows: 


Sf age noda ass 
M= {io | dB sin jasin 2a contr. 


And therefore the effect of any arbitrary initial state, or the complete solution of Problem I, may 
be expressed thus: 
t 


2 X aya rte 
Yi = ki Xi (o+ vo at) Xp Sin 2ja, sin 2l; cos tr;; 


in which it is important to observe that the part of the state of any particle P, at the time ¢, 
which corresponds to a given value of i and to any given initial displacement or velocity of any 
other particle P}, is equal to that part of the state of the latter particle P, at the same time t, 
which corresponds to the same value of i (or to the same mode of component & simple vibration), 
and to an equal initial displacement or velocity of the former particle Pj; because the product 
sin 2ja, sin 2lx,; is symmetric relatively to j and 1.* 


(IV). To pass to Problem II, we are to suppose that the initial states of some one or more 
successive particles correspond to the kth mode of simple vibration, so that for one or more 
successive values of j we have 

Pi ; y ue es _ kr 
Yj,0=NcSiN jak, Yj o— 2, Sin yay, (amaa 
but that, for all the other values of j, y; 9 and y; , vanish. And it now is necessary to sum the 
product sin 2j«; sin 2jx,, between some given limits of j; or at least this is the operation which first 
presents itself. But because we have — to multiply by sin 2/«; and to sum relatively to 


4, and because &$4,,* (—7 —9X,, Onyi = 2" we may substitute cos 2j («;—a,) for sin 2j«, sin 2ja,, 
if we afterwards change 2275, to £71. In this manner we find, if j be confined to one value, 
the expression 


1 . : 
reas (neni f a) Lai sin 2lx, cos 2j (x; — æy) cos tri; 


and if we are to sum relatively to j from j, to j, then we find 


L sin (2j 4-1 xp) — sin (2j, — 1) (a; — a) 

Ju s caen di xir sin ala; | (2j + 1) (x; LT A ) (x; — oy 50 costr, 
E smt gu, SRU- Dmm) risu ; 
ai nei f a)z @1 sin 2la, sin (x; — a) cos (7 +J,) («; Xp) COS tr; 


an expression which is the complete solution of the II"? Problem. 


* [Rayleigh, Theory of Sound, 1, pp. 150-157.] 
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When all the j first particles are originally in the kt® mode of vibration and all the others are 
originally without displacement or velocity, so that j, — 1, we may write more simply 


1 sin (27+1)(a;—a,) . 
2n-F1 1 k ! : 
Wt 34 13 +3 (nen P at) Mi ee ripe sin 2/«.; cos tr; . 


(V). The number n of moveable NIRE, S being still supposed finite, the most general mode 
of motion of the system may be considered (as we have seen) as the resultant of n simple 
modes, of the kind lately described: so that we may write generally 


Y= L Sin la; (n: +7; i dt ) costr; 
= X4 Bisin 2lx; cos r; (t— e;). 

And because &an+2—i =T — €, 94,9 7 Ti We may write 

Y= t201 Bisin 2la, cos r; (£— ¢;), 
if we assume B,,,, ;— — B;, but €gn49 ;=&- 

With these last assumptions, we may therefore write also 

Yn = $2051. B,sin (20a; — rit ;e;); 
and consequently, (B,,,, being = 0), may consider the general mode of complex vibration y; , as 
the sum of n pairs of component vibrations, of which each pair might separately continue to 


exist, but not (in general) each component semi-mode of vibration itself, if taken without its 
conjugate semi-mode, which has the same periodic time for the vibration of any single particle. 

Those n component semi-modes for which i « »-- 1 would correspond, if the system were 
indefinite, to a continual transmission of phase in the forward or positive direction with a velocity 


sin o; f ii 
*: and those n other component semi-modes for which 2 » » + 1 
Os 


T; 
jth i Ped 
(for the itt mode) 2o; a 


would correspond, if the system were indefinite, to a continual transmission of phase in the back- 

ward or negative direction with a velocity which, for the semi-mode conjugate to the tth, is 
sin Qa; 

=—4 


, and is therefore equal in amount (though different in sign) to that just now deter- 


a 
mined for the ¿th semi-mode itself. In fact, the parts of y; , corresponding to these two conjugate 
semi-modes are | 

iB,sin(2Ía;—r;t--r;e and  iB,;sin(2l«;-Fr;t — ric). 
Their resultant vanishes for the extreme particles P, and P, ,,, whatever ¢ may be; & for any 
intermediate particle P,, it is, as before, 

B,sin 2la,; cos (rit — ;e;). 

In general, whatever may be the arbitrary initial state of the system, we may represent its 
state at the time t by the formula 

00 Wu THT" (sin +771 yj, cos) (21a; — 2at sin «,), 
if we assume that on42-1= — Nis )2n42 17 — N, and therefore that 5,,4— 0, 9,,17 0; «; being 


still — Lan . And we shall still have, in this last formula for y, ;, as in others, 
Xp 1 3j. sin 29a; . 


2 2 
7477 n1 1 7 019;,o8in Bor; Ti n+l 
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Thus, generally, we have the expression 


1 «ius : ^^ WA 
9,7 nel (12i Sin 2a, (y; o sin 4- r7! y; 9 cos) (Zla; — tr;), 
in which 7; is still = 2a sin «;, and «, is still = ma Pe n 
2n 4- 2 


Accordingly it is easy to prove à posteriori the truth of this last expression for y,,. And if 
in it we make y; o= C; j COS y; ;, 1;1yj o — Cig Sin yig, 80 that C,,,5 ;5;— C;; and Yangzi yi 
we shall have 


l ph AO od 
Hit oe 312051 | C;,; sin 2a, sin (2l; + y; ; — tr;). 


But this last transformation does not seem to be attended with any advantage. 


65. The foregoing article contains a recapitulation of the chief results obtained already in 
this manuscript for the case of a finite system. If the system be unlimited in one direction, 
so that only the condition yp ,=0 but not the condition y, ,; ,— 0 is to be attended to, we have 
then the following results: 


(1)’. The differential equations to be satisfied are now infinite in number; they need involve 
only positive values of /, but / may be taken as great as we please; they may be written thus: 


Yi =a? (0—2y, t+ Vo) V7 9? (Vy 7 292, T Yst) «+ 
Yri = (Ji 3,07 Ynt + Vra); &oe. ad infinitum. 
A particular integral, or possible permanent mode of motion of the system, which may also 
be considered as a simple mode, is expressed by the formula 


t 
Yı = Sin 2la (». Hha Í at) cos (2at sin «); 
0 


in which « is any real arc & 7,, n4 are any arbitrary real functions thereof. This formula in- 
dicates an arrangement of all the particles on a sinusoidal curve, containing indefinitely many 
alternate branches and varying with the time, but so that a first node is always at the fixed 


particle P, & a first venter at a distance, as measured on the axis of the system, =i . The 
whole space-period, or interval between two similar modes, is S, = = the whole time-period, or 


periodic time of vibration of any one particle, is connected therewith, being 7',= E COSEC a. 

The positive maximum of excursion of the first venteris B, =V 72 -- r. 2n, in which r, = 2a sina; 

and is attained when £— e, --vT,, v being any integer & e, being such that cosr,e,— Ls i 
a 


. The negative maximum of excursion of the same venter is = — B,, &is attained 


4 T 
sinr,e,— 


B, 
when / — e, 4- (v 4- 3) T',. At both these two sets of moments, the velocity of the venter vanishes 
(& so do therefore the velocities of all the particles); while, on the contrary, the velocity of the 
venter attains the negative or positive maximum €7,B, at the intermediate moments 
when t=e,+(v+4)7',; & at these last mentioned moments the displacements all vanish, 
or the particles are all in the axis. 
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(II)’. A mode of vibration, such as has been just now described, if once established, will 
persist; if then, at each of any two near moments 0 & dt, we have 


Yo=NoSin Ze and yy, y=(Ne +744) sin 2la, 
we shall have, for all subsequent moments, 


i 
Yı, ı= Sin 2la (». + a at) costr,, 
0 


that is, 
yi,7 B, sin 2la cos {r y (t—«€,)}. 


(ILI)'. The sum or integral of any number of such simple vibrations, that is the resultant of 
the superposition of any finite or infinite number of them, if once established, will persist; but 
any single initial displacement y; , may be expressed by such an integral as follows: 


goa" Í * 40 sin 2/0 sin 210 | ey Í " dasin Yasin 212) 
m 0 T" 0 
because this integral becomes — y; , or =0, according as the positive integer / is equal to or 
different from j; the effect of any single initial displacement y; , is therefore to produce, at the 
time t, the system of displacements represented by the formula 
AR TOE Ua 
Jui 7 Y0 Í d0 sin 250 sin 210 cos tro. 
0 


In like manner the effect. of any single initial velocity y; ; is to produce, at the time ż, the system 
of displacements 


t r3 
yc . AN at | dô sin 250 sin 210 cos trg; 
and therefore the effect of any arbitrary initial state of the indefinite system of particles Fi 
P,, ... is to produce, at the time £, a state which may be thus expressed: 
4 cef Me obopid 
rhe Zi) (us + Wof it) " d0 sin 250 sin 2/0 cos trg. 
0 0 


This result may be connected with the corresponding one in the subdivision (III) of article 64 
for the case of a finite system; & the same remark respecting the symmetry of sin 2j« sin 2l« 
applies. 


(IVy. If, for some set of successive values of j, from j=j, to j=j, we have the initial con- 
ditions y; , —748in 2j, y; o —7, sin 2j«, while y; 9 and yj o vanish for all other (positive) values 


of j, we have then, by changing af dé to Í "de & summing cos 2j (0 — x) relatively to j, 
0 0 


"e | [tA (7 us (sin (2j 4-1) (0 —o) — sin (2j, — 1) (06—«)) . 
dut. (n. mfa) f do sind a) [sin 210 cos tr 


ne ROE SE WR RIE NY | Se he cii s: 
= » US nf at) f dp rir MEC HP e (3 +3,) (8 x) sin 2/0 cos tro; 
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and if in particular j, = 1, so that the first j particles all satisfy the foregoing initial conditions, 
then . 
ub s Urt 7 ,sin(2j+1)(@—a) . . 
y, z (n. + ne at) | dé ~~ sin(@—a) sin 2/0 cos tro. 


(Vy. The most general mode of vibration of the present system may be expressed as follows: 


Hd t 
Yi = p d sin 210 (v +é Í at) COS tro, 
0 0 


in which yg and $$ are connected with the initial state of the system by the relations 


na | "qe sin 21848, yo~ | * isin 2040, 
so that, by what was lately shown (section (III)'), we have | 
mi 2Gr¥,08in G9, mj E8 yosin Yo. 
If we extend these last expressions to all values of 6 from 0 to m, we shall have 


i2 Í DU yne f " ni sim 21040, 
0 
and , 


Vii 1 {aa sin 2/0 (v + ná f ae) cos tro. 
And this expression again may be de under the form : 
u= | 49 Gu sin rj icon) Q0 — try), 
or, substituting for ng and ng their values, 
Vic agn | “db sin 270 (y; osin 4- rg! y; o cos) (210 — tra). 


The general expression for the mode of vibration or complex motion of a system indefinite 
in one direction may therefore be considered as the sum of an infinite number of pairs of con- 
jugate component motions, in each of which there is a continual & uniform transmission of 


phase in one of "n opposite directions. In any one such component motion, corresponding to 
: : i 20 

0—a, ifa» 0, <7, there is as above a space-period S, = 2. and a time-period 7', = — mi = cose a 
a 


2 ? 
S, sine 
and the velocity of transmission is T. =q ——. In the conjugate component motion, corre- 


sponding to 0 =r — «, we have the same "léngth ofspace-period & of time-period, but the velocity 
of transmission is negative and may be represented by —a d The combination of the two 
is necessary in order to preserve the fixity of P,. 

66. To recapitulate in like manner the results already obtained relative to a system which 
extends indefinitely in two opposite directions, without any condition of fixity, we may 
observe that: 
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(I)"". The differential equations are now all those included in the formula 


y, = (Jia, 7 Wirt + Voas: 
l receiving all integer values. A particular integral is 


t 

Yi,4= COS (2la — Ya) (m 1 ns | ae) costr,, 
in which « is an arbitrary real quantity, r, — 2a sin x, and N4, Nas Ya are arbitrary real functions 
of «. The function y, is introduced, instead of the constant = which occupied its place in (I) 


and (I)', because we do not now suppose Yo, to vanish, & therefore retain the cosines as well 
as the sines of 2/«. This simple mode of vibration is still sinusoidal, but the particle P, is not now 
necessarily a node. With this exception the remarks of (I)' apply to it. 


(II)". In this indefinite system also a sinusoidal mode of vibration, if once established, will 
be permanent. A node and venter may be assumed at pleasure, but when the space-period is 
thus determined, the time-period is so too. By making Ya=5+ 2xA,, in which A, is a new 


arbitrary but real function of «, namely the abscissa of a node, we may write for any one mode 
of this sort 
Yi, m B, sin {2 (l a Àx) a} cos tr. (t Tr €4))- 


(III)". The sum or integral of any number of such vibrations will be permanent; therefore 
the effect of any single initial displacement y; , is 
EOM dô cos 2 (| — 3) 0 cos tro, 
0 
and the effect of any single initial velocity y; , is - 


Posi [Af ; 
Wa Yo | dt | dB cos 2 (lj) Boos ty. 


The effect therefore of an initial arbitrary state of the system is, at the time ż, expressed by 
the formula 


2 (Ys ) 
VuT 2G- (us enia a) dô cos 2 (1 — 3) 0 cos trj. 
o /Jo 


By supposing y_;9= — yj, and yL; o= — jo, we can reduce this general expression for a 
system indefinite in both directions to the corresponding expression in (III)' for a system 
which is indefinite in one direction only, the particle P, being fixed. It is also possible, by con- 
sideration of limits, to connect the expression for a doubly infinite with that for a doubly finite 
system, so as to deduce each from the other. In deducing the infinite from the finite, we suppose 
j, l, n to increase indefinitely together, preserving finite ratios; in deducing the finite from the 
infinite, we suppose a certain periodicity of initial state, for greater and greater distances 
from the origin P,, in each of two opposite directions. 


(IV)". In the recent expression for y,, we may change f to k & then, if 
0 0 


Yj, o = Na COS (2j — Ya) Yj o =N 08 (2x — Ya), 
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we may change 

cos {2 (L— j ) 0} cos (2ja—y,,) to cos{2l0 F y, — 2j (0 F a)y; 
in which it is remarkable that we may take at pleasure the upper or the lower signs. Summing 
relatively to j, we find 


1 MUN. TENIS M T | 
N= 5 g ES AKAI d6 [sin ((2j + 1) (0 F «) — (210 X y,)} 


sin (2j, — 1) (0¥ a) - (200 y] ga 
o Ai d; 7 _,sin(j—j, +1) (0 — a) E a d 
"3 (ntn | a) dé "Uu da Ry" OT eee {(j+j,) ( — a) — (218 — y,)) cos tre, 


as the efféct, at the time t, of an initial state in which all the particles from P; to P; inclusive 
are disturbed according to the simple mode (I)" , so as to have 


9i,o7 24008 (21x —y,), Yr, a =Na CO8 (Zla — Ya), 
and all the other particles are originally undisturbed. 


In the particular case when y, = z , the recent expression for y, , reduces itself to (29) or (31), 


in articles 52, 54; the initial conditions being then 
Vio 4,8in2/a, Y, 9=7, Sin la, 

ifl be >j, — 1 but <j+1, & Y,o= 0, yi, — 0, for all other integer values ofl. By assuming also the 
relations y 197 — Y0; ¥-10= —9,o we can pass from the case of a doubly infinite to that of a 
singly infinite system. And by consideration of limits, the cases of a doubly infinite and of a 
doubly finite system may be connected so as to deduce each from the other. The consideration 
of limits shows also that if j, = — oo, so that, in the doubly infinite system, the particle P; & 
all behind it are initially disturbed according to the law Hie Min. cos (21x — yx), while all 


a a 


beyond it have neither initial displacement nor velocity, the state of the system at the time ¢ is 
expressed as follows (at least if « be between 0 & 7, or more generally if sin « be different from 0): 


t 
iL 3 cos (2la — y.) (n. + ai at) cos tr, 
0 


1 "joya d Vs ^ cos tig 
aw EAKA sin (2/0 — y, — (2j + 1) (@—«)} sisi ery 


By making y, — up this reduces itself to the formula (28) of the 50th article. 


(V)". The general formula for the doubly indefinite system may be thus written: 
i 7 
Vu : X-o (vs +0 at)| dô cos (210 — 290 — tro); (rg= 2a sin 0). 
o /Jo 


This most general mode of motion of this system may therefore be considered as the resultant 
of an infinite number of component motions, of which each separately corresponds to the 
continual and uniform transmission of phase in one of two opposite directions. Nor is it neces- 
sary now to compound or conjugate two opposite transmissions of this sort, in order to obtain 
a particular integral; we may employ either singly, & shall still obtain thereby a possible 
permanent mode of motion of the system. 
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67. The three preceding articles, 64, 65, 66, contain a recapitulation of the chief results 
obtained in the earlier articles of this manuscript. A few remarks may however be usefully made 
here, before passing to the solution of Problem III. In particular, it seems useful to observe 
that the particular integrals hitherto considered correspond either to oscillating or to travelling 
sinusoids. The oscillating are those which have fixed nodes, but oscillating venters; the travelling 
are those which have neither nodes nor venters fixed, but which, instead of oscillating & thereby 
changing form, change place by moving uniformly & continually either in the positive or in the 
negative direction. When any particle is fixed, this condition of fixity obliges us either to suppose 
a node to be fixed thereat, & therefore the sinusoid to oscillate, or else two oppositely travelling 
but otherwise similar sinusoids to be always conjugated together. But when the system is doubly 
infinite, this conjugation is not necessary & we may suppose a doubly indefinite sinusoid to 
travel continually in one direction, without being accompanied by any other travelling in 
the direction opposite. Even if the system be finite, we may suppose the sinusoids, whether 
oscillating or travelling, to be infinite. Finally, in the case of a finite system & finite sinusoid, 
we may suppose the number of venters to exceed the number of particles; but this will lead 
to no essentially new law of arrangement or vibration of the particles themselves. Thus, in 
the case of a single vibrating particle, we may treat that particle as a 3rd, 5th, ... venter; but its 
motion will be the same as when it was treated as the 1*t. 


68. Returning now to Problem III, article 68, we are to suppose that the initial states of 
some finite number of successive particles correspond to some one travelling sinusoid, while 
the other particles are initially undisturbed; & are to investigate the consequences of this 
supposition. 


69. For the case of a finite system, we have found (see page 492) 
i j 


Vc nud Lip Vr sin Bo, (Yj o Sin +131 Yj, 9 cos) (2læ; — tr;), 


in which «; ms and r;—2asin«, And we are now to suppose that for certain successive 
values of j, namely from j, to j, we have 
Y;,0= B;,sin (2ja;,+ By), yjo- —"i B, cos (2j + Pr), 


k being an integer which is less or greater than n + 1, according as the initial sinusoid is travelling 
forward or backward. 


Instead of 3751 sin 27a, sin (Zlo; — tr,) we may write 
Li sin 2ja, sin 2Zla,costr;, & wehave O0=L2"+1cos ju, sin Qe, costr;; 
we may therefore change, under the signs of summation, the product 
sin 2ja,; sin (2jay + pp) to  cos(2j(«;—0,) — Br} 
& in like manner 
— sin 2jæ; cos (2jap + Pp) to  —sin(2j(x;— ar) — Br} — cos (s (x; — ar) — By + z); 
therefore : 
2 Bs yny sin (j —j, + 1) (x; — a) 
Nt ul Xi. sin 2le, sia (SS aa 
TE d URL A Wey i 
* [cos I +3,) (2i — æ) — By) cos tr; — 3) sin ((j - j,) (e; — ax) — Bj sin | : 


HMPII ' 63 
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70. This is the general expression for y, , in the present question; if j, = 1, that is, if all the 
first j particles are originally disturbed in the way supposed, we have 
! ; ; r : : 
sin 2a, (sin {(2) + 1) (x — ar) — Bi) cos tre +7 cos {(2j + 1) (x — te) — p,}sint,) 
2 sin (a; — «) 
B sin 2/«; (sin B, cos tr; —"k cog B, sin tr) 
+k yel VBS FAT Ae vai sidad did MI P 
n+1° 92 2tan (a; — «,) 


Making both j, = 1 and j =n, that is, supposing all the » particles to be originally disturbed 
in the way already mentioned, we find 


LE y2nol 
9,743. 1 791 


sin(2j--1)(x;—«,) sin[(—k)m—(x;—«,) sin(i—k)a 
sin (aj;—%,) — — sin (a, — a) ~ tan (a; — o) 
the first part vanishes or is equal to 27 + 2, according as i is different from or equal to k; & the 
second part disappears in the summation; in like manner 
cos (2j + 1) (x; — æy) cos(i—k)m cos(i—k)r. 
sin (x, — a) - tan (a; — ap) tan (a, — a) 
therefore the expression for the state of the system at the time t is 


— cos (i — k) v; 


+sin (i — k) r = 


Y= By Sin 21x cos (try — By) 
B, 
2n + 2 

In this expression the first part corresponds to a possible and permanent mode of simple 
vibration; & the second part must correspond to an initial state in which the displacements 
and velocities of all the particles are represented by the formulae 


Y;,o = By, cos 2ja;,8in Bk, y; o — Tr Bj, cos 2ja, cos By. 
Accordingly, the effect of such an initial state of any single particle P; is 


-+- 


Yi sin 2a, cotan (x; — ay) vers (i — k) v (sin B, cos tr; — x cos B, sin tr) 
i 


B " vens : » , 
iz ri Lei | sin Zla; sin 2j (x, — ay) (sin Bj cos tr; — rer" cos B, sin tr;); 
and 
citu fe _ COS (&; — %,) — cos (2n + 1) (a; — ap) _ vers (ù — k) m 
da MR AN MUN 2 in (a — a) "Bien (q= a) 
This last expression becomes = 0 when i — kis any even integer (zero included); if therefore k be 
odd, of the form 2x — 1, we must take ¢ even, of the form 2:, & we have, as the corresponding value 


of the formula of the last article, 
yc B, SİN 20a, , COS (iro... — Bai) 


zw à 1 r ~ 
Te y Di Sin Wag, cotan (xs, — oxı) (sin Pox-1 COS tro, — oe COS Bs... sin tra) 


but if k be of the form 2x, we must take i of the form 2; — 1, and 


E 


: B 7 
yc By, si 2las, cos (tra, i: Bax) + oy vs sin 21a, cotan (% 4 o Xo) 


. T : 
x (sin Ba, COS tr, . — A cosB,, sin tra.) - 
t~ 
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71. Forexample, ifn = 2 and k= 1, so that the system contains only two moveable particles 
and that these are originally in the state of the travelling sinusoid 
y; u= B, sin (2ja, + B, — 7, dt), 


in which a, -5 and 7, =a; so that 


. (jr i jm 
y;,o = B,sin (5 T &.) Yj,0= —17,B, cos (5 * Bı); 


jn 


then the parts proportional to sin 3 namely the initial partial displacements 


Y;,9 = B, cos B,sin 7 
& the initial partial velocities 


jj, o — 4B, sin B, sin”, 


will produce the permanent partial vibration corresponding to a fixed sinusoid with one venter, 
and represented by the partial formula 


ln 
y,,— B, sin cos (at — Bj); 


and the parts proportional to cos g, namely the initial partial displacements 


or more fully 
Y1,0=3B,sin f1, Yeo= —$B,sin,, 
& the initial partial velocities 
Yj,0= —aB,ocos B, cos, 
or more fully 


, a ’ a 
¥1,0= — 5 81008 B, Y2,0= 5 B1008 Bi, 
will produce another partial vibration at the time ¢, which may be thus represented, 


Qlur 
Y= 4B, XZ), sin —— 3 cotan «(s -— 3) (sin B, cos tra, — ary, cos B, sin tr,,), 
in which 
«ET. 
f, eS 2a sin- =av/3; 
also 


T T 2m m T T 
ta — am — — ——— — = — — — — a 
cotan G ) cotan | 3 4 cotan 6 cotan 2 3; 


lr à 
Yi, Shin T (sin B, cos at/3——, cos Bi sinaty3). 


Accordingly this also is a possible permanent mode of vibration of the system of two par- 
ticles, & satisfies the initial conditions. 
| 63-2 
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72. Again, ifn=2 & if the initial conditions be 


í 2j 
Y; o= Basin B, cos 7 Yi, o= Mu ppt. Ee (ro — a4/3), 


3" 3" 
we find by the formula for k even 
Viu = 2? sin jour cotan te de ( sin B, cos tr, 1— ae cos f, sin ira) i 
Also 
cotan ( -7) -cotan 5 = a A EAA yu -Staing H iid B, cos at — 4/3 cos B, sin at). 


Accordingly this gives 
Bigs ,  avf3 > 
9107 — 5 sin B, — so; vio =Y B, cos Bye yi o. 


73. Nextlet the system be infinite in one direction, so that the condition y, ,— 0 but not the 
condition y, ,, ,— 0 is to be attended to. We have now to suppose that for all values of j, from j, 
to j, the initial state is represented by the formulae 

J;,o 7 Basin (294+ Ba), Yj,0= —ra By cos (2ja + Ba); 
but, because we already know the effect of the initial state 
V; Bacos B,sin2jx, y;o—7r,B,sinB,sin2ja, (see page 493), 
it is sufficient now to calculate the effect of 
y; B,sinB,cos2j«, Yj 9 = —r,B,cos B, cos 2j. 
Using for this purpose the formula 


m 
V = za. | d0 sin 250 sin 210 (y; o cos tra - r7 ! y; osin tro), 


& changing under the sign of summation sin 276 cos 2j« to sin 2j (0 — «), we get, as the new part 
of the final state of the system, 
_ 2B, (7 , Sin ( —j, + 1) (0 — «) ) 
n=" | dé oon aisdlbi ab sin (j - j,) (0 — x) sin 210 (sin B, eos tra — 73 os B, sin tro 


The old part was (see page 493) 


2B, [7 ,,8in (j—j, +1) (0—« 
m= Zaf dg 2 (9-5, + 1) (0 —a) 


od) f ne 
MU a cos (7 4- 7,) (0 — «) sin 210 (cos B. cos tro 75 sin B, sin tr; 


therefore the sum of these two parts, or the solution of the question proposed in the present 
article, is 


. x. Mines "Um 
x [cos {(j -j)) (0 — a) — B.) cos tro — rrj! sin {(j +j,) (0 — a) — B.) sim tro]. 
It might have been deduced from that of article 69 by changing B; to B,, «; to 0, a, to a, 
B, to By, Tu tO 79, ry tor, and —— Lat! to — Jus 
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It may also be thus written: 


a= ao re {I8in (2) + 1) (0—a) — 8.) —sin {(2j, — 1) (6 — 2) ~ Ba} eos tr 


+73 [oos {(2j + 1) (@—«) — B.) — cos {(2j, — 1) (0— 2) — Bu}]sin tra} = (2j 1) — 6 (2j, — 1). 


74. The function ® introduced at the end of the last article is such that 


in 2/0 : i 
E j {—sin B, costrg+7,79 cos B, sin tro}; 


Bs (t 
9 (1)- 7s [a6 G7 


this, therefore, with its sign changed, is to be added to ® (2j + 1), in order to obtain the effect of 
the initial disturbance of the first j particles of this singly indefinite system. On the other hand, 
if we seek the effect of the initial disturbance of the j,t® and all following particles, we are to 
suppose j — oo, & to calculate ® (o0); which is 


® (oo) = B, sin 2la (cos B, cos tr, +sin B, sin tr.) = B, sin 2l« cos (tr, — B,). 
We have therefore, for the effect of an initial disturbance of the kind supposed, but extending 
to the whole system, the expression 


Y= 9 (o0) — O (1) = B, sin 2la cos (rg B.) e [as sin 2/0 
0 


tan (0 — «) 
x (sin B, cos tra —r, r5! cos B, sin tro); 


& the second part of this expression, namely — ® (1), must be the effect of that part of the initial 
state of the whole system which is represented by the formula y; ;;— B „cos 2j« sin (B, — r,dt), 
or by y;,o— Bacos 2jasin By, Yj o= —r,4.B,cos 2j« cos B,. Accordingly it is easy to verify and 
rededuce this result by making j,—1 & j= in the formula given near the middle of the 
preceding page. We may also easily deduce the present result, as the limit of either of those 
given at the end of article 70 for the case of a finite system. 


75. As an example we may take the case ans, in which the initial state of the system 

corresponds to a travelling sinusoid of the form y; ;,— B sin (jr + B— 2adt), so that 
Y; o= BsinB(—1y, y},9=2aBcos B(—1)*. 
In this case, the permanent part, free from the sign of integration, disappears, & we find 
Vc — 2 [ asin 210 tan 0 (sin B cos irg— 008 Bsintro) i 
Accordingly 
f dosin 20tan@d=7, and [ras (sin 2 (l+ 1) 0 + sin 2/0) tan 0 — 0, 
if Z, being integer, is > 0; so that 
— = f7 dosin 210 tan 0 = ( — 1}, 
TJ 0 


if Z is>0, and the initial conditions are satisfied. These initial conditions correspond to an 
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alternate arrangement of the particles both in displacement and in velocity; & as long as lis 
much greater than f£, the arrangement ought to remain nearly alternate; that is, the above 
expression ought to give, nearly, 


yi,,7 Bsin (lr + B — 2at) = B cos lr sin (B — 2at), 
if Z be much greater than ¢. Accordingly this result is obtained by integrating from 5-9 to 


3 +69. On the contrary, if t be much greater than /, we have nearly y; , — 0. But the consequences 


of supposing ¢ large, or the state of a system after a very long time, shall be the object of a full 
examination hereafter. 


76. Finally if the system be indefinite in both directions, and if for some set of successive 
particles, P; , ... P;, the initial state is represented by the formula 


Yi a B sin (B+ 2j« — r,dt), 
that is, more fully, by 


y; o= Bsin(B-F2jx), yjo— —r,Bcos(B- ja), 
we may resolve this travelling sinusoid into two fixed sinusoids, namely, | 
15, y;o— BsinBeos2ja, yjo- —r,4 B cos f cos 2a, 
and 2nd, y;o— BoeosBsin2jx, yj;o-  7,Bsin sin 2ja. 
The effect of the first is, by page 496, (making y, — 0), 


_ B (7 sin (j—Jj,+1) (—«) 
1477 |. de sin (0 — a) 


cos ((j +j,) (0 — «) — 210) (sin B cos try — r5 1 cos Bsin trj); 


and the effect of the 24 part is, by the same page, (making Ya -$] 


B 7 19 in G + 1) (0—«) 


Vi T - ó sin (0 — «) sin ((j +j,) ( — æ) — 210} (cos B cos tro -- r,75 ‘sin Bsin trj); 


therefore the whole effect, or the solution of the present problem, is 
B (7 , sin(j—j,- 1) (0-2) 
Hu) MATS: ab dp 
x [sin (B + 210 — (j+ ?,) (0 — x)) cos trg — r arg ! cos (B + 200 — (j +j,) (0 —«)} sin tro]. 


It may also be thus written, 
Wu e|, ai a eo (7 0 (0 —2) — (210 + B))— con (3, — 1) 0— 2) - (210+ 8) contr 


— rrj (sin (2j + 1) (0 — a) — (210 + B) — sin ((2, — 1) (6 — a) — (210 - B))} sin tra] 
=¥ (2j - 1) — Y (2j, — 1). 


77. In this expression the function ¥ is such that 


-Y (co) - Ë (sin (2a + B) cos tr — cos (21a + B) sin tr.) = }Bsin (21a. Bir); 
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if therefore all the particles as far as P; inclusive are originally disturbed in the way supposed 
in the last article, we have, at the time ¢, a state which is thus expressed, 


yi, 4B sin (B+ la — tr.) +5- g AN uu" ((2j + 1) (6 — x) — (210 + B)) cos tr; 
— rro isin ((27 + 1) (0 — «) — (216 + B)j sin trj]. 
The part involving the sign f must therefore express the effect of an initial state in which all 
the particles as far as P; inclusive are agitated according to the formula 
Y u= +4Bsin ($+ la —r,dt), 
& all the particles beyond P; according to 
Y u= —$Bsin (f + 2la— rdt). 


sin a 


We ought therefore to have 


+ sin (B 4- 2lx) = f "ion {(2j + 1) (6 — a) — (216 + B)}, 


sin e- 
4:sro08 (B+ 21a) = |" TEL 4-1) (0 — a) — (218 + By), 
the upper signs to be taken if / be not greater than j: that is, we ought to have 


too" asin (27 — 21+ 1) (0 — «), 


0 
according as lis + or > j; and 
dé 


~ Jo sin (0—) 
And it is easy to prove, in fact, that these equations are true. (See article 51.) 


cos (25 — 21 + 1) (8 — a). 


Problem IV. 


78. Itis now required to determine the approximate or limiting forms to which the solution 
of the foregoing problem tends, when the system is numerous & the time elapsed is large. 


79. Beginning with the case when the system extends indefinitely in both directions, and 
when all the particles as far as P; inclusive are originally agitated according to the formula 
— V;q-— Bsin(B--2j«—r,dt), ry=2asina, «»0, <7, 
but all beyond P; are originally undisturbed, we have to discuss the formula of article 77, on 


the supposition that ¢ is very great. In this manner we obtain, approximately, attending only 
to values of 0 nearly equal to «, 


Yı 3 Bsin (B + 2la — tr4) + — a 32. cos {(2) +1) 0- a) — (210 + B) + tro} 


= 4Bsin (B+ 2x—tr.) {142 [^ AW 1-212) (0—9)]. 


in which r= 2a cos «. If therefore / be considerably less than j + $ + at cos «, then we have nearly 
yi,,7 Bsin (B + 21a — tr,); butif | be considerably greater than j + 1 + at cos «, then, nearly, y; , — 0. 
And these conclusions hold good, whether t be large or small, & even for negative values of t; we 
may therefore consider the initial state of the system as having been and as continuing to be 
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dynamically propagated, forwards or backwards according as cosa is > or <0, and with a 


velocity =acos x. 
80. Let us consider particularly the case «==, for which this velocity vanishes. The 
rigorous formula of article 77 becomes in this case 
yi, 4B (— 1)'sin (B-2at)- + B(- E 


x {ain ( 2j + 1 — 21) 0 — Bj cos (2at sin 0) + cos (2j 41-21)6— gy ETT 
which may also be rigorously thus expressed: 


TE 


Y=} (— 1) Bsin(B— ws td dé g sin {(2j+1—- 21) @— p + 2atsin 0} 


— gin A 


> (-1)B [É g- 

Now, while ©ọ= (2j + 1 — 21) 0 — B — 2atsin 0 receives a small but finite increment, 6 in general 
A06 sp i : 

2} + 1—21—2atcosd z A6; if then / be considerably different 

from j+4-—atcos 0, the factor sin ((2j + 1 — 27) 6 — f 2at sin 0) will fluctuate often between its 


n will vary little, unless 0 be nearly =0 


prete 21) 0 — B — 2at sin 6). 


receives, nearly, the increment 


extreme values, +1, while the other factor aber 


in 20 
or 7; thus, in calculating the 2^3 definite kangi we may in general attend only to these 
particular values of 0. But for these values, we must combine the corresponding parts of the 
lst definite integral, and to do this we ata write the 214 integral as follows: 


-gCc yB [t dp E eme ein ((j--1— 21) 0+ B+ 2at sin 6}; 
the whole expression for y, , may therefore vache be thus written,* 
1 7 dé 
n= C- D Bsin (B— Bat) — 7 (— 1) Boos p [^ S 


mdr on ated 


so that if / be considerably greater or less than both j + $+: and j + 3 — at, the sum of the parts 
corresponding to 0 nearly = 0 and 0 nearly = 7 is insensible; but ifl be considerably greater than 
j++4-—atand at the same time considerably less than j + 3 -- at, (t being large and positive,) then 


parvuli on 


cos {(2j + 1 — 27) 0 + 2at sin 6}; 


* [Accepting Hamilton's "— of treating the integrals, it is a question of finding the value of the integral 
-12 Y Boos p [ Jd sin (37-1 — 21) 0+ 2at sin 6} 


between the limits 0, e and m—n, m, where e, » are small and 2j+1—2/+2at, 2j-- 1 —21—2at are large positive 
or negative numbers. We get then, ae 


-g(C- 1Y Boos p | g sin (2j+1- — 21+ 2at) 0, 


+g, CD B cos p [sin (2j 1—21- 2a). 
0 
If e, ņ are such that | (27 4-1 — 21 -- 2a!) e |, | (2j-- 1 —21— 2at) | are large, the results follow as above.] 
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this sum of parts is sensibly = — 4 ( — 1)! B cos B; & consequently, a disturbance or displace- 
ment, represented thus and due to the initial velocities, spreads with two equal and opposite 
velocities +a on the two sides of the particle P; which terminated the initial disturbance, or 
rather on both sides of the point j -- 3; and this constant amount of resultant displacement is 
= fay;,,. If we have exactly 1=j+4+<at, & if t be A we have to consider 
7 dé 
" an goin at (9 — sin 6), I ass cos {2at (9 — sin 0)}; 

of which two integrals the second may be neglected, so far as depends on values of 0 near to 0 
or 7, but the first gives, for the parts depending on those values, 


*d0 . (at®\ r o d$. T 
T Gin (== ind -4| sin (4ato)= -7, 


2at being here an odd integer; so that the sum is ut and the resultant displacement is 


—$(- 1f B cos B — say; 
If l exactly equals j + à — at, t > 0, then 2at is still a large odd integer and the parts considered are 
-i(- 1) Beos ( ^" «| so) in goin (at (0+ sin) = — (- 1) Beos (7-7), 
giving still the same sum 
—ġ(— 1) Boos B= jay; 9. 
And it seems likely that if / be the nearest integer either to j + 3 -- at or to j --  — at, when t is 


large, we shall still have nearly this same displacement T jj, a8 the part of the general expres- 
sion which corresponds to values of 0 near to 0 m z. As to the values of 0 near — z> We may use 
the 1st definite integral in the second formula of the present article, which, for this purpose, 
may be put under the form EE: ques 

ig un (Qj 1 — 21) (5+0-3)-a+ 2at — 2at vers 0— | 


m 
mge Wie 
2 0 2 


pe cnm EE 


- (—1/B [sin (B—2atcos ,)sin (2j-- 1— 206,. 


If 2)+ 1— 21 be » 0 and large, and if we put (2j -- 1— 27) 0, 2 O,, we may suppose ©, large 
enough to allow of our changing, with a sufficient approximation, this integral to the form 
O, 
-(- Bl > —— sin © „sin(8- 2atoos 5: 1g). 
at ©? 
(243+1- 


HMPII ` 64 


while 2at vers 0, = at (2sin) is very small, being nearly = (21-39 ; and then the integral 
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becomes 1(— 1) Bsin(B— 2at). In like manner if 2j-- 1—2/ be large but negative, so that 


(j+ 1-2 = gi is still extremely small, this integral becomes — 3 ( — 1} B sin (B — 2at). 


Hence, adding the term free from the sign f at the beginning of page 504, we find the following 
results, as consequences of the initial state expressed by the formula 


Via 7 (— 1) Bsin (B — 2adt) for lj; 
(a)... Ifi be much greater than j 4- 3 -- at, y,,=0; 
(b)... If! be much less (algebraically) than j + 3 — at, 


Y,ı=(— 1} B sin (B — 2at); 
21—2j—1 


(c)... Ifl be much less than j + 3 -- at but much greater than j + 3, and if mp be much 
greater than a certain large number 6, , then 
Y= —$(—1) Boos B; 

(d)... Ifl be much greater than j + 4 — at but much less than j + 3, and if TO be much 


greater than the same large number ©, , then 
Y ı= — 4 (— 1)! B cos B 4- ( — 1)! Bsin (8 — 2at); 
but peculiar calculations are required near the critical values [—j--3, /=j+4+at. Thus, if 


7 , we have, by the last 


l=j, & if we wish to calculate the part depending on values of 0 near 2 


page, for this part, the expression (if ¢ be large) 


a “sin (B — 2at cos 0,); 


i(-B f dð, 
which is insensible. 
And generally if 27 — 2j — 1 be small (whether positive or negative) in comparison with Vat, 
so that 2at vers 0, may attain a considerable value while (2/ — 27 — 1)0, is very small, we have 
then, by the last page, to consider the part* 


B bie 21 2j+1- 2. 
P ity amna fao, sin (B—2at + 62)= 4B (- 1) 95 aim sin( 2at +7); 


which west i to a vibration, but with diminished amplitude, and with a change of phase; 
to which is to be added the constant displacement, 
—i(—1) BoeosB, & also 4(—1) Bsin(B—2at). 


* [The integral is of the form 
-i(- 1} B org sin O sin (B-2t- 5 a 
(2j 4-1—2197* 


where since O, is small we may put @=sin 0. Putting 02— 5.—,——5, yria We get the required form.] 


at? 
2j+1- 
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81. Thecorresponding constant part has not yet been calculated in the problem of article 79. 
To do so, we must resume the formula of article 77, attending to the factor 771 & to the values of 
0 which are near to 0 & 7. 


The part depending on these values of 0 is 
ss |, G leot) 1) (0 — a) — (210 + B) — 2at sin 6} — cos ((2j + 1) (0 — «) — (210 + B) + 2at sin 0)] 


EL "S [eos (2j 1) (0 + æ) — (210 — B) — 2at sin 0) — cos {(2j + 1) (8 + «) — (206 — 8) + 2at sin 6] 


= 2 sin {(2)+ 1) a+ B) [^ sim (2) + 1 — 21) 6 — 2at sin 0) — sin {(2j + 1 — 21) 0 + 2atsin 6] ; 


it vanishes or is insensible if j +  — 1— at and j + 4 — 1 -- at are both large and have the same sign, 
that is, if / be much greater than j +  -- at or much less than j + $ — at; but if / be much less than 
4+4+<at and yet much greater than j + 3 — at, so that 2j + 1 — 2l — 2at is large and negative while 
2j + 1 — 21+ 2at is large and positive, then the above part becomes, nearly, 

— 1Bsin ((2j * 1) « + Bj. 
When 2-5, this reduces itself to the value found in article 80, namely, — 4 ( — 1) B cos f. In 
general it may be represented by — 3y;,, 9, if the initial formula y; ọ= B sin (2j« + B) be con- 


ceived to extend as far as the point j + 3, or to the middle point between the particles P; and 


i a, Cosa 
P,,,. It may also be thus written, 4950-3 Yso 


82. If it happen that j--j—at is an integer and if we take / equal hereto, so that 
2at = 2j + 1 — 21— a large positive odd integer number, the formula of the last article conducts 
us to calculate the integrals 


f sin at (0—sin 0), - f G sin (2at (0-+-sin 0); 


which are Z, —~; their sum is therefore= —~, and the corresponding displacement is 
8 3 3 | 


-F ein (2j 1)« + Bj. 


And the same result is obtained by supposing /—j-- 1--at. At these critical positions, the 
constant displacement is therefore only one third part of the value which it has for particles 
nearer to P}. 


83. If 2j+ 1 — 2] — 2at is only small in comparison with Vat but not exactly =0, we may 
still reduce the integral 


Jig sin (jc 1— 200: 2atsin 6) 


to z’ but the integral 
J; sin (j-+1-20 0 2atsin £) 
assumes the form 
f ein ((2j- 1 — 21 — 2at) 0 + 2at (0 — sin 6)), 


64-2 
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in which the second part within the brackets now predominates; 2at (0 — sin 0) being able now 
to attain a considerable magnitude, while not only 0 is small but also (2j + 1 — 2l — 2at) 0, this 
latter being nearly equal to 

2j + 1— 21— 2at 


JG) 
[sin (2at (0 — sin 6) is =, 


2j + 1 — 21— 2at (° e md 
CHA LU NT ). Now (see 


1st Blank Book of the present year, 1839, page 65, left hand & the references there made)*, 
I'(n)- Í "a" le? dz =| “(ax +V — 1ba)"lear+V -iodd (az +V — ba), (if a> 0), 
0 0 


W 2at (0 — sin 0). 
Also 


at being very large; we have therefore only to calculate 


=(a+Vv -— ib)» [antec (cos bx — V — 1sin bz) dx; 
0 
therefore 
Í gta cos bxdo =r" cosnvT (n), and Jemen sin bzdz =r” sin nv T" (n), 
0 0 


T being the celebrated function tabulated by Legendre, and r, v being connected with a, b by 


the relations a =r cos v ( > 0), b =r sin v. These theorems hold however near a may be to 0; they 
T 


hold even at that limit, and thereby give (making dat yh 0, r=b) 


Í pE EA bbb ie E > P (n), paa sin bzda =b-" sin > T (n). 
ó 0 


1 
Making b —1 and «=6", these become 
(zo) 1 oo i4 
| dô cos (0*) - n co8 7 T (n), Í d0sin (07) - nsin ^7 T (n); 
0 0 
or, changing n to =, and observing that nT (n) 2 T (n+ 1), 
- T 1 ue! v bd Ld 1 
[idees (0m) eos 7 r (17). [dosin (om)=sin T (157). 


For example, | dé cos 0 — 0, | dð sin 0 = 1; (to be integrated as limiting results;) 
0 0 


" 1. 48) Aim aft 14(3) 1 [v 
222 /~T{-}j=-— /=- in(02)- /~T'j-)=— /-; 
[a0 08 0%) = Jir (3) aE |, dosin) J3r(3) AE. 
ARE y. yh. (4b ot. ; 
and finally, returning to the present question, | dô cos (09) = > y zjin which, by Legendre’s 
0 


Table, at the end of the 224 Part of his Exercises, we have I (4) = 1019508414 — 0,892979. Thus, in 
the question of the present article, we have, because l'($) 2 1T (4), 


e S ; M m 2j4-1— 21 — 2at (5) 

— 2j + 1 — 21) 0 — 2at sin 0) = — + ~—_._——__ l'|z |; 

f. g sint(2j + ) sin 6] ó 2 Vas 3 
* [There is no trace of this book among the manuscripts.] 
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and the expression at the beginning of article 81 becomes 


- Bai (oj 1)a-- 5) [5-17 m (1) 


84. In like manner, if 2j + 1 — 2l + 2at be small in comparison with Wat, the same expression 
becomes 


— Bsin ((2j + 1) «.4- B) [227 (5) 


4n V at 4/3 3 

so that if be as much less than j + 1 -- at, in this last result, as it was greater than j + 3 — at, in 
the result immediately preceding, or vice versa, these two results (of the present & the former 
articles) will coincide; or in other words the amount of disturbance, as distinct from vibration, 
increases very nearly according to the same law as we advance inward from both extremities 
towards the middle of its extent = 2at, for the greater part of which extent it is nearly constant, 
but is reduced to one third of this constant amount at each extremity. 


85. If] be nearly —j-- 1--atcos «, the integral of article 79 will take another form. In this 
case, because 
(2j + 1) (0 — a) — (210 + B) + 2at sin 0 = 2at sin « — (2l. + B) 
+ (2j + 1 — 21+ 2at cos œ) (0 — x) + 2at (sin 0 — sin « — (0 — «) cos a}, 
and 
2at (sin 0 — sin « — (0 — a) cos «}= — at (0 — a)? sin q, 


nearly (x70, <7), we may write 


B [*t9« d : . 
a]. Lis {(2j + 1) (0 — x) — (210 + B) + 2at sin 6} 
. B2j-1— 21 t 2atcosa 
^n Vatsin x 
. B2j-1— 21 - 2atcos a 
» V rat sin a. 
the change of phase presenting itself still, as at the end of article 80. But we must add the 
constant part and also the part free from the sign f; & thus we find that if / be nearly 
=j+4+atcosa, we have, nearly,* 
yi, $B sin (B + 2la — 2atsin x) — $ Bsin (B + 2jx + æ) 


Í dO sin (2la + B — 2atsin a + 0?) 
0 


sin (21a + 8+7- 2atsina); ; 


2j+1—2l+2atcosa . ( T ) 
+4B 2—————— sin | B+ 2la+—— atsin a |. 
: V zat sin a P 4 
86. We see, then, that although a disturbance, distinct from vibration, spreads, with two 


equal but opposite velocities, +a, and with a certain constant amount = TY- S yj,o, in 


both directions, from the point intermediate between the particles P; and P;,,, accompanied 
by two terminal diffusions, which are similar to each other, and are nearly proportional in 
longitudinal extent to the cube-root of the time t elapsed from the original state of the system; 


* [The general term in the asymptotic expansion of the Bessel Function was first given, without proof, by 
Hamilton, R.J.A. Trans. Vol. xix (1843), p. 313. See Watson, Theory of Bessel Functions, p. 12.] 
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there is also a real spreading or dynamical propagation of the initial mode of vibration, preserving 
the same constants of amplitude and phase, and accompanied by a terminal diffusion which is 
nearly proportional, in longitudinal extent, to the square-root of the time ¢; and the velocity of 
this forward spreading of the vibration is represented by a cos «, if « » 0, < 3: If 1-5, there 
is only terminal diffusion and spreading of a constant disturbance, but no proper propagation 
of vibration. And if « » 3 , <7, there is a backward propagation of vibration, or an uniform rate 


of abandonment of particles originally occupied by that vibration, the negative velocity of 
this propagation being still represented by a cos «. 
87. Itis remarkable that this velocity of propagation, a cos «, is the algebraical sum of all the 
velocities of transmission of phase, 
asin « asina asina., asina asina 
x a-m ator &X—2m a+27 
these several velocities corresponding to the several ways in which the phase may be expressed, 
namely 


+ &c.=acos«, 


B+2la—2atsina, B+2l(aFm)—2atsina, --2l(x* 27) — 2atsin«, &c. 


In fact 
sina-«(1- 5) 15) (1-34) (144)... 
T aw}\ . 2m 2n 
therefore 
dsinx sina lsin« | lsin« 1 sin« l sin« 
COS «a = —— ———————-——————— 4l ——— — 
da a 7, x mo 2m 1 a zd d 
T 2 2m 
For example, if «==, the series 170 4 &c. becomes 
3a4/3 
NP 1-344-144-3440}, 
which may also be thus written 
a Ups t Ende d Enn SE go.) o (7589.5 aeos 
«XM i 2 3 4 d enc ke de 3' 


But it is not obvious what dynamical interpretation ought to be put upon this theorem of 
summation, as applied to the present question; or in other words, it is not clear, à priori, why 
the actual velocity of propagation of vibration ought to be the sum of all the possible velocities 
of transmission of phase. 


88. It is evident that the solution of the case of Problem IV, proposed for consideration in 
article 79, includes the solution of that other case of the same Problem, in which the initial 
disturbance is confined to a limited number of successive particles; since this finite number may 
be regarded as the difference of two infinities. Thus, for this latter case also, analogous results 
hold good; & we have still a propagation of vibration in one direction & with one velocity 
expressed still by a cos «. It seems then that even a single undulation tends to propagate itself 
with this velocity. 

To illustrate this subject, let us consider the following Problem. 
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Problem V. 


89. Asingle particle P, of a doubly indefinite system being compelled to vibrate according 
to a known law, it is required to determine the motion of the system which will ensue in 
consequence of this vibration of this particle. 


90. Suppose, first, that the particle P, is obliged to remain fixed from the time 0 to the time 
t, so that y, , is, during this interval of time, constant & — y, ;. We may now consider ourselves 
as falling back on the case of a singly indefinite system, and may employ a modification of the 
formula (10) of article 17, namely the following, in which /> 0, 


4 2C LER | 
Mns Za (wo foo yho | at) | d0 sin 250 sin 2/0 cos (2at sin 0) + Yo,9- 
0 0 


In fact this reduces itself to y; o when t= 0; it gives also an expression for y; , which reduces itself 
to y; o when t=0; & it gives y; ,— 0? (y,,1,;—2Y,:+Y-1,,); if l be any integer » 0. Had we sup- 
pressed the terms proportional to y, 9, we should have had y; , — a? (y, , — 25, ;), instead of having 
91,07 0? (yo, — 2Y1,1+ Jo, 9). The part proportional to y, , is 


Yo,0 fı -- Mi " dé sin 250 sin 2/0 cos (2at sin a) . 
0 
it is the effect of the displacement y, of Po, continued forcibly constant throughout the 
interval of time f£, the system being supposed to extend only in the positive direction. 
Instead of 2/5, sin 270, we may write lim X^, sin 270, that is, 
j=% 


den sin 0 


, 


TA v tag cci 


.  Sinj0sin (j0 4- 2) 
- m ——— 
Jao 2sin 0 


cos 6 
2 gin 0 


Thus, the solution of the question of the present article may be expressed as follows, 


& at the limit we may reduce this to the term = cotan 6, on account of the integration f.* 


(V 
i = Xi (vs i vof at) | d0 sin 250 sin 2/0 cos (2at sin 0) 
0 0 


2 [? „sin 216 
oo [1 | de tl cos (2at sin ) 


the first line being only the old expression (10) for the effect of an arbitrary initial state of a 
singly indefinite system, the particle P, being fixed at the origin of coordinates; and the second 
line being that new part which results from the fixing of that particle P, in the displaced position 
Yo,o during the time f. 


91. Imagine next, that after being thus displaced during an interval of time =7, the 
particle P, is suddenly removed to a new position yy & is retained there during some subsequent 


* [The terms which vanish are M X, iJ 95-41-49 (2at).] 
—> 00 
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interval Ar; & let us inquire what will be the state of the system at the end of the time 7 + Ar. 
The immediate effect of the displacement y, ,, continued during the time Ar, is 


2 (? , sin 210 i 
Vo, fı -2f dé tang °° (2a Arsin 6)}; 
but we have to consider also the effect of the initial displacements & velocities y, o, yo, 
expressed still by the first line of the formula at the end of the previous page, or by the old 


expression (10), in which £ — 7 + Ar; we shpat also to consider the effect of the new displacements 
and velocities, 


2 [i sin 270 ; 
Yar=Yao{1——| do moe cos (2arsin 6)|, 


3 
Y, mof do cos 0 sin 2j6 sin (2ar sin 6), 
0 


which result, at the end of the interval 7, from the first fixed displacement y, ,. The effect of 
these is 


AT H 
= Xi (vs + Yf dar) f d0 sin 20 sin 210 cos (2a Ar sin 0); 
0 0 
in which the part of y; , — of j, namely the term ¥p 9, gives, as its part of the effect, 


to |, #98. (a Arsin 0) 


the element — =A o ERY cog (2ar sin «), in the expression for y; ,, produces the effect 


2d« ^ sin2lx : RA 
= 5 008 (2ar sin a) cos (2a Ar sin «); 


and the element dada 


effect 


3o, o COS «Sin 27x sin (2ar sin x), in the expression for y; ., produces the 


2da sin2le . . 1 u ce 
^. 4,0 daba n (2ar sin «) sin (2a Ar sin «); 


vm SI oos (2at sin «), in which t=7+Ar. 
The state of the system at the end of the time ¢ is therefore expressed by the formula* 


so that the joint effect of these two elements is — = Vo,o 


4 ! oVÍ I adi wes ; 
147 238 (vio vo | dt) fÈ dosin 20 sin 210 os (2atsin 0) 


3 
Hos — 2 (Yor too) | dO cotan Osin 210 cos (2a (1—7) sin ) 


2 
-Žu f d cotan 8 sin 210 cos (2at sin 8). 
0 


* [This could, of course, have been inferred from article 90 by taking the displacement yo, , from 0 to ¢ and 
Vo, — Jo, o from 7 to t] 
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Accordingly this expression gives, if l> 0, 


v. AS 
SED UE MI at) | dô sin 250 sin 216 cos (2at sin 0) 
0 0 
op 
+oo{1-=[ dô cotan 0 sin 210 cos (2arsin ) 
0 
4 o on ao fl ee : 
Jio 7 20 (woo) ados 250 sin 216 cos (2a sin 0) 


3 
ab fe Í dô cos 0 sin 2/6 sin (2ar sin 0), 
0 


so that it reproduces the known state of the system at the end of the first interval 7; it gives 
also, for any moment of the 24 interval Ar, that is, for any value of t from 7 to 7 + Ar, (l being 
still » 0,) 

Yi i= 9? (iai 7 Yint Vica); 
including the equation 

91,1 9? (Jo, — 291,17 9o, 


& therefore it satisfies the differential equations of vibration, on the hypothesis of y, , being, 
throughout the whole of this second interval, constant & =¥o,,. 


92. In the next place, if there be three successive displacements Yp 9, Yo, t,» Yo,t, lasting for 
the successive intervals 7,, Ta, 73, we must suppose that at the moment /,— 7, 4 7, the dis- 
placements and velocities are represented thus: 


QUNM 
Yit, = : à (vs t Vj,o Í a, { dô sin 250 sin 210 cos (2at, sin @) 
0 0 


m 


: 2 
nies cos (2a7, sin 0) — = Yo,0 Í dé 
0 


tan 0 


sin 2/0 
tan 6 


2 2 
TERA L (Jo, — vool, dð cos (2at, sin 0); 


m 
4 7 

Vit, =- bp (vso E. T "PII d0 sin 250 sin 2/0 cos (2at, sin 0) 
kd te 0 


3 
+ - (Jo, — wo f dô cos 0 sin 2/6 sin (2ar, sin 0) 
0 


2 
j wno| dô cos 0 sin 2/6 sin (2at, sin 0); 
0 


and the function y; ,, in which />0 and t=f,+73, is to satisfy the differential equations of the 
form y;,—0? (yj.,.,— 29, + Yit) including the equation yj, a? (y2;—241,:+Yo,,); the final 
effect is therefore expressed by the following formula: 
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147 2G (sao |. «) dô sin 250 sin 2/0 cos (2at sin 0) 


sin 2/0 
Mot — Ua — Yot) f do 77 cos (2a, sin 8) 


sin ied 


=É (yoa Yoo) frat doP cos (2ar, F asin 8) 


= Heo f dé n mm ol (2a, 4- 7, 4- 7, sin 6); 
which may i be thus written, 


t 2 
ni 39s (motio | at) | dð sin 250 sin 2/0 cos (2at sin 0) 
0 0 


2 . 
wt ET li do nt — cos (2a, sin 6)) 


A. 7 Po, ih dé = E {cos ( Dare sin 0) — cos (207, + rasin 0)) 


3 — 
+ = Yo, 3 dé = robe (cos (27, 4-7, 4- 7, 8in 0) — cos (2a, + 7, 4- 7, sin 0)]. 
0 


93. Itis easy to see that this law continues; and that it gives, as the solution of Problem V 
in article 89, the expression 


WT 
ED (voty | at) | dô sin 250 sin 210 cos (2at sin 0) 
0 0 
kaop ijo arc ! 
| dry, | dô cos 0 sin 2/6 sin (2a (t — 7) sin 0). 
0 0 
Accordingly this expression gives 
T 
, 4 oo d , E . . L D 
Juc7 TX (uo) T dô sin 230 sin 210 cos (2at sin 0) 
se[t, p? | | 
+ =| dry, | dô sin 0 cos 0 sin 2/6 cos {2a (t — 7) sin 6}, 
0 0 


t 2 
vem =a Fia (Yata f. at) L dð sin 6%sin 20 sin 216 cos (2at sin 0) 
16a? 
ae, tf, dô sin 0? cos 0 sin 20 sin (2a (t — 7T)sin 6} 


1 jk dô sin 20 sin 210, 
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so that y, , and y; , reduce themselves when /— 0 to the given initial values, and also the dif- 
ferential equations of the form y; ,— a? (yj,1,,— 2yj1- Vj 1,)) are satisfied if 1>0, including the 
equation 3 ,— 8? (ys, — 29, - Yot) in which the function y, , is arbitrary. As a verification we 
may observe that if this function reduce itself to the constant Yo), we have 


: : ] — cos (2at sin 0 
| dri sin (2a (t — 7) sin 6) = yo 9 rei tr a 


so that if the initial displacements and velocities y; ; and y; 9 vanish, we have 


2 ? sin 210 2 (3 sin 210 
Ium =o |, do ing Vers (2atsin 9-9, -2f dé tan °° (2at sin 2 I 


as found in article 90. 
94, The effect of the vibration yo, of the particle P, being thus found to be 


t 3 
= dep, | d0 cos 0 sin 210 sin (2a (t — 7) sin 6}, 
0 0 
let us suppose that y, ,= —7sin (2arsina — B), « being >0, < a 
Multiplying this by 2sin {2a (t — 7) sin 6}, we get 
n cos {2at sin 0 — B — 2ar (sin 0 — sin «)} — 7 cos (2atsin 0 + B — 2ar (sin 0 + sin «)}; 
and multiplying again by 2sin 2/0, we get 
nsin (2atsin 0 — B + 210 — 2a (sin 0 — sin «)} — y sin {2at sin 0 + B + 210 — 2a (sin 0 -- sin «)} 
— sin (2atsin 0 — B — 210 — 2a (sin 0 — sin «)}+ 7 sin {2atsin 0 + B — 210 — 2a (sin 0 + sin «)}, 


which is to be multiplied by Z cos 0, & integrated relatively to 7 from 0 to ¢ and relatively to 0 


from 0 to St In this manner we obtain* 


* [The expression for yı, may be written — 


m 
n di d (cos 0 sin 210 sin (2at sin 0— B) — cos sin 2I« sin (2at sin «.— B)} 


E T sin 0—sin « 


T7 


m 
n {2 460 (cos 0 sin 210 — cos « sin 2/a) sin (2at sin « — B) 
n] « sin 0—sin « j 


2 
The first integral may, obviously, be written 


TT 
Lt NN A Jue 
€— 0 7 N. o7 + a+eE ad Bain & } 
2 

5 

A 2 
or Lt »(f «f ) ME. mun 0 sin 2/6 sin (2at sin 0 — B), 
—07 NJ m x--e/ Sin 0—sin « 

2 
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m 


2 
T7 d0 cos 0 {cos (2at sin « — B + 210) — cos (2at sin 0 — B + 210) 


25 Jo sin 0 —sin« 
— cos (2at sin « — B — 210) + cos (2at sin 0 — B — 210)) 
BNET | i | 
aL sin 8-1 sin , (09 (7 2atsina + B-t 200) cos (2at sin 0 + B + 210) 


— eos ( — 2atsin « + B — 210) + cos (2at sin 0 + B — 210)) 


y (?  d0cos0 


"a «Sin 8 — sin 4, 008 (2atsin a — B + 216) — cos (2at sin 0 — B + 210) 
TS 


— cos (2at sin « — B — 210) + cos (2atsin 0 — B — 216)} 
-if dô cos 0 sin 210 


"a 6 eR CE (sin (2at sin 0 — B) — sin (2atsin « — B)) 
2 


7 


n f? dé cos sin 210 sin (2atsin 0— B) 
"TJ 7 sin 0 — sin « 


— 1 cos 2la sin (2at sin « — B), 
observing that by article 39 we have, if / be any integer » 0, 


Js. AL MD 
cos 2142 — | ——— = = | ss r 
mjo cos2a—cos20 mjo  sin60?—sina? 


Fina mr mra 
=f, dé cos 0 sin 210 laxo mea] 


m 


1 (2 dcosÓsin 210 


mJ. 7 sin (8 a a) f 
2 
As a verification, the effect calculated in the present article ought to vanish when / becomes 
infinite, remaining finite. Now 
sin 2/0 sin (2at sin 0 — B) = } cos (210 + B — 2at sin 0) — 3 cos (210 — B + 2atsin 0); 


& the first of these two terms gives, at the limit, —}sin (27a. + B — 2atsin x), while the second 


gives 4- gain (2læ — B + 2at sin «); their sum gives therefore + y cos 2la sin (2at sin a — B), as it 
ought to do. 


95. We find therefore that in the singly indefinite system, extending only in the positive 
direction, the effect of the vibration y, , — 7 sin ( — 2atsin « + B) (in which « » 0, < 3) of the first 


m 


because Lt pos +i ) ah slid =0. 
€ 0 T a+e/ sin ü—sin « 
2 


The second line gives —1 cos 2la sin (2at sin «— B). 


We thus arrive at the final form given for y, ,, the integral to be interpreted as this special Cauchy value. The 
case sin 2/x —0 is exceptional. Here the Cauchy value is unnecessary.] 
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particle P, is represented by the formula 


y[" con Onin 20ain (Paris 0 — B) 


jen s DNE EE — 7 cos 2la sin (2atsin a — B) 


» (+1 d(sin) 


on | 4 ain O ain 008 A + B— 2atsin 0) — cos (20 — B+ 2at sin 8)} 


—7 cos 2la sin (2at sin « — ). 


If l be much larger than at cos «, this effect is insensible; but if, on the contrary, at cos « be much 
larger than /, the effect is nearly represented thus, 


Yı 7 {4 sin (2la + B — 2atsin a) + 3 sin (2l — B+ 2atsin «) — cos la sin (2at sin « — B)) 
= 7 (sin Zla cos (2at sin « — B) — cos 2la sin (2at sin « — B)} 
—msin (2/a.4- B — 2atsin q). 


Thus it is true, in a certain sense, that even the vibration of a single particle P,, with a periodic 


time =" cosec a, (in which « is any real arc > 0, but < z) , produces vibration, with the same 
periodic time, in all the other particles; the transmission of phase having a velocity = E T 


but the propagation of vibration having a somewhat less velocity, namely a cos «. 


96. Ifa= s so that the vibration of P, is 
Yo = nsin (B — 2at), 
then the same analysis shows that the effect of this continued vibration of this single particle is 


i - mq (? d@cos@sin 210, . S x. ; 
yai Men sr a (sin (B — 2at sin 0) — sin (B — 2at)}; 
2 
now 


-f dÓ cos 0 sin 210 


z 
— D ee 1 = -— l. 
j m Pn 2 |. d0tan Osin 2 m (—1); 
2 


therefore in the present case, 


, 1[(? diem Psin Ms lE atsin e) 
= — ly sin (8 — 2at)+— EEE ET EN Tr 
SU NAE au T 1—sin60 2 


Changing 0 to 3 0, this becomes 


1 (7 désin@sin 2/0 . 


ya 1y [sim (B — 2at) —— AE ee sin (B.— 2atcos )} 


2 ? dO sin 410 ; 
=n(—1)'Jsin (B— 2at)—— b ; 
-9(-1) [sin (B — 2at) aj tang 9i (B — 2at cos 20) 
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This is insensible, if / be much greater than Vat; but if, on the contrary, | be much less than Vat, 
it becomes, making 2Vatsin 0 — 6, , 


» C7 yy [sin (B- zat) —— [7 d0, sin (B — zat + 62) 


=n (~ 1 {sin (B — 22t) - ~ sin (p—2at+7)} 


97. We might suppose ¥),=7sin(B—2aAt), A>1; & the analysis of article 94 would 
then give 


n z d0 cos 0 sin 210 


Ju gaa, o in (B — 2atsin 0) — sin (B — 2a At)}; 
2 


but whether / be large or small in comparison with ż, if both be very great, this function will 
become insensible, because the denominator A — sin 0 cannot now vanish. Thus a vibration of 


shorter periodic time than the minimum = cannot sensibly propagate itself far. 
However, when tis very great, we have nete 


2 dÓ cos 0 sin 210 


y, 7 sin (8— 2a At) Ag oe oe ee 
so 


in which* 


pow 


2 d0cos@sin 210 1 * dosin 29sin 2 
sinĝ-A ajo sin0?— 


=a function such that 
2 
Ae esae sat | dosin 20 sin 210 — 0 or 1, 
0 


according as l, being >0,is » lor —1. Also 
Le rr Yi 2 (sin 20)d0 _ 2 dcosÓsin 20 
gt |mJo A?—sin 62 — as a (A — sin 0) ’ 


in which 

sin 20 cos 0 = 2 (sinÓ — A + A) (1 — 4? + 4? — sin 03), 
theréfore 

. 44?(1— A? 
f= P af A?— na ie gif 

also 

A* (43 — sin 62)-1 = 1 + A-?sin 02 4- A-4sin 64+ &., 

* [ 1t 4-cosha a, cos 0/( A —sin 0) — Bin erm in m5 — ) | 
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and 
Bf Tn, 2 z Ñ; e 1) 
T: 2 SUUS 2 — 9—2n n Hf a SO m n wad a 
3! sin 9 d9—= | cos 62” d = 2-2" [2n]" [0]-^ = 2.4.6... (2n) [7^4] ^ [0]*(— 1)5; 
therefore 
2? d 
el, {a-ring (0-47. 
and 
— 4 2 diu 
A- He A ~14-249= - 24V I7 1- 1e 2422 (4 - V 871) 


fa-14-2(1—242)f, 2 - (A- V A?—1)5; 
and generally 
4-.| à ea e (- I) (4- VAI 1), 
l being any integer > 0. 
Hence in the present question, if £ be great, we have 
9i, 2 (— 1) (A - V A? — 1)7?'sin (B — 2At). 


The amplitudes therefore, in this case, decrease in geometrical proportion, being proportional 
1 


to the power of the fraction — ———— ————— 
(A4 V A? —1)? 


98. This result, on the analytic side, bears some analogy to the well-known theorems 


° cosgzdg T , [^gsingzdg 7, , 
0 1435? 2 1 0 14-34? 2 


> 


in which v is any real quantity > 0, & of which the former includes the latter and may be proved 
by observing that if we put 
* cos qzdq T os © q? cos qx dq T 
z-[ Ir ^ we r^i x= -f 4M =X,— : cos qz dq, 
which gives X7 = X, if be > 0; therefore X, = ae” + be-* = be” because X o = 0; and although the 
differential equation X7 — X , does not hold good for the particular value x = 0, yet the coefficient 


b must be =the limit to which e*X, tends as x decreases to 0, & must therefore be equal to zi 


Laplace, in the Analytic Theory of Probabilities, Article 26, deduces the theorem from the 
consideration of a double definite integral, as follows: 


: "n N MANU IN ar 
Tu zi pe coer | je Í dy 2ye? 0999 cos ra =V Jl dye y ~ dy 
Ixz Jo Jo j 


oo r , 
-vse | d DUE. ef^ eet (n 58 - d. 
ne | V2t+2r] 2e" 
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And he remarks nds by pursuing a similar analysis, the following theorems may be deduced: 
d, V +bx) cos rx 


-(= on ;cosrn +bsin rn) met V7; 


Vm — n? 


a—bn . —; 
(2 eos rn — sin rn) qe V m-ni. 


b 
v m — n? 


-o m+2nx+2? 
K dp (2 Ou) sin ra _ 
-o m+2nxr+x? 
and ultimately the values of the definite integrals 


%0 


M M 
ae ag oer, p dear Bin ra, 


in which M and N are rational and integral polynomes, such that the degree of M (relatively 
to x) is less than that of N, and the roots of N —0 are all imaginary. The two last theorems may 
thus be written, 
d de t item m ma em, NT d, V 3 sin rx = qim; 
oo m^ + ax — oo meta +2? 
& under this form they follow easily "d those first cited in this article. 

99. In the foregoing investigations, we have, expressly or tacitly, employed often the 
principle that if any finite function of a real variable be multiplied by the sine or cosine of an 
infinitely great multiple of that variable, & integrated within any finite limits, (or even, in most 
cases, between negative and positive infinity;) the result is evanescent; & therefore that if the 
function be not constantly finite, we need attend only to those values of the variable which differ 
infinitely little from the values which make the function infinite.* And in some cases of a con- 


stantly finite function, such as F (0) — 3 r T (A > 1), in article 97, or F (q) 2 ——; in article 
98, we have been able to assign the i soceri to which the integral tends to become in- 
finitely small as the multiplier of the variable under the sign sine or cosine in the rapidly 
fluctuating factor tends to become infinitely great; namely, in these cases, the exponential law 


expressed by the formulae 


fis do - JO sin 210 = 27(—1) (44 VAi-1), 


A being any real quantity > 1, and / being any integer number > 1; and 


te: 1 


x being any real quantity 4 0. 

It seems that in most cases of this last kind, that is, in most cases of a constantly finite 
function F (g) multiplied by the cosine of a large multiple ga of the variable q & integrated from 
— oo to +00, (F ( F o0) being supposed — 0), we must have, nearly, the expressionT 


- 2 n 
f” dF (neosaz - $3 C7 D" F (E); 
x being large. 


* [This is Hamilton's principle of fluctuation, which he Jater developed at length in a memoir on fluctuating 
functions. Trans. R.I.A. (1843) xix, pp. 264-321.] 


* [3 [Ose osgan] 
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It will however be probably in general more exact to substitute, in this expression, instead 


of the middle ordinate F (=) of the curve in which g is abscissa and F (q) ordinate, taken 


(n¥4)a 
x 


between the limits q = , the average ordinate of this curve between these limits, namely 


x (DT 
4l “dq F(q); & & thus we find 
(n— DZ 


(n+ Dz 


[7 tar (@)cosqe== 3%, (-1"{ “dq F (q); 


(n-p7 
x being large. It will be useful to test these formulae by some examples. 
100. Let F (q)=cosq; then 2cosqcosqxz = cos (qx 4- q) -- cos (qx —q); & since this function 


F does not vanish when q = oo, we shall take finite limits of integration, such as 0 and 7, & employ 
the approximate formula 


k dq F (q)cos qe = "| F (0) +2355} (— D» r( T) + F (m) cos (on), 


€ being now some large and positive integer. Applying this to the case F (q)=cosq, the first 
member vanishes, & the 224 member ought to be found to be nearly — 0. We ought therefore to 


nr cosar—1 


2 
have, nearly, 2 Lei (— 1)"^cos ie , if x be a large positive integer. Now 


T T 2m 9 mr T MT T 
2 cos —| — cos — + cos — —cos —+... + cos mr cos — | = — cos — + eos mr eos | —+— |; 
2x x x x z 2x r 2 


making therefore m — x — 1, we have 


mT T7 T 
— CO8 57 + 008 (en —7) eos (a— 2.) = (cos x7 - 1) cos 5; 


in this case therefore the theorem is rigorously true. If we had employed average instead of 
middle ordinates, we should have had 


T 9 n7 T 
[tareas - 31 exicar[ Steosen |” dg Fa) 
(n— = aod. 
2x 
x being still a large and positive integer. Making F (q)=cosq, we ought to find nearly 


2 
0- sins {1423551 (— 1) cos T coser] 


& in fact this also is rigorously true. But we cannot expect to find so perfect an agreement, in 
general, between the equated expressions. 


101. Let F(g)-—e-? ; then 
c pe 
Í dq F (q)cosqu=V7e £; 
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nèn? 
is this then nearly = E Ege (—1)"e 7 2 In general, we have, rigorously, 


sin d 
In ta 


I2 uc Fed - 1s f” dt F (12) 


zm j^ dt F (ta) (cos ta + cos 3tr + cos 5tx + &o.). 
We ought therefore to have, nearly, in general, if x be large, 
oO dq F (q) cos qx = =I. (E 7 (cos t + cos Bim cos St + &c.) 


= =|" dq F (q) (cos qx + cos 3qa + cos 5qx + &oc.). 


But in the case F (q) 2 e-*', this mes give 
EU ANE pede a 
Vne ide fte 4+e * +&c.); 


& the second member is greater than the first, if x be large, in the ratio nearly of 4 to 7. There 
can be no doubt but that this arises chiefly from the cireumstance that the definite integral 


ge dq cos g=? is greater than "n dq e-* cos qv; 
E 8 ~ 8a 

and generally from the inequality of 

(D (n7 n'm 

Í “dqe® cos qx and e- = al “dqcos qu = (— Ipse LE 

(n-p7 . (n-pz 
such inequalities though small being numerous & giving an accumulated result, which bears a 
sensible ratio (4 — 7 to 7) to the small value of the integral in question, when z is very great. To 
allow for these inequalities, at least nearly, we might make 


EIIINIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIL 


103. Returning to the investigation of article 97, & to the first expression there given for 
Yı that is for the transversal displacement of the particle P, at the time ż, / being any integer 
> 0, and the particle P, being obliged to vibrate according to the law y,,,— nsin (8 — 22.At), in 
which A > 1, while y, , — 0, y; ,— 0; we see that, in order to develope this expression according 
to the powers of f, it is sufficient to calculate generally 


f fette jf. aod sin f Po eo ain H 
pé NE conc rmn 


A — sin 0 — sin 6? i 


or simpl 
- Be! 2 j sin 6% sin 20 sin 216 
hita 0 A? — sin 0? T 
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103, 104] 
since f; 2+1 = fyo. And we have already found that 
Ji fio (7 1) (A - V A? — 1)", 


if1»0; f 4-0. Now 
Ani, fina Í 3 Q0 {43-24 A%i-tsin 02+... + sin 6-2} sin 20 sin 210 
we are therefore to calculate 7 
d.k : f’ dosin 62* sin 20 sin 210; 


and 


and it is convenient to suppose at first l> 1, reserving the case l= 1 for separate study 
jth of 


sin 92k = ( — 3) (e? VTI — e- OV —=1) 2 — ( — fk [OK] 2 DPK , 26-9 v/-1 [9]- 9 [Q]— ( — 1)"* 
= (3) [2X] Ze... [0]- + [0]-& ( — 1)" cos 2n8 


hence, coefficient of cos(210—20), if 1» 1, is 2(1)'[2k]?* (— 1)1 [0]-€*?-» [0]- €» ; 
coefficient of cos(210+20) is 2 (4) [2%]? (— 1)1 [0]- V» [0]-@--»; therefore g;;-— 
(former — latter) coefficient, if l> 1, 

-(1r" [2k] ( 1) [0]- 9*5 [9]- €» (LI I+ 1}?—[k deli 1]5 


= (— 1)H [2k + 19? (32917 [0]- 6*9 Iur ou Í dô sin 0?* sin 20 sin 210 
0 


ifl>1. And 
91,4 = (1) [24] {([0]-*)? — [0]-@* [0]- 97») 
= [2k + 1]? (3)? [0]-* [0]- 19 = = fa sin 0?* sin 262 


so that the formula just now found for g; ,, holds even when l= 1 


104. Hence in the expression of article 97 


eran (tin p- 2at sin 0) — sin (B — 2aAt)} 


JT 
Yi, t 3 ,d9 A 


2 
eT dü —__—_- A be andes 4 tamer in B {cos (2at sin 0) — cos (2aAt)} 
4- cos B (sin (2aAt) — s g sin (2atsin 2) 


3 f? gin 20sin 218 
mjo | A?—sin6? 


-128; Cae [oy | 


X, (A25 — sin 6%) (2a1)* os (—1)¢{ - sin B+ 57 cos J 


weet cos B —sin d Xo AP vt 91,k 


ant 1:08 B- —sin B} A 04^ g,L; 


zx) Xi (— 4a?A 242)¢ (oy 
* [[n]™=n!/(n—m)!; [0}-™=1/(m!); this is Vandermonde’s notation. See Vol. 1, p. 468.] 
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we have g;,, — (— 1)! : [0]- 9*5 [0]70, *.* g1 ,— 1, and g; o= Oif l> 1; sothat the part of y; , which 
involves /? and ¿ vanishes for all the particles beyond P,, but becomes, for that particle, 


242 
= (sin sin p= cos p. 
In fact, the differential equations are, in the present question, 


91,7 a? {7 sin (B—2241) —2y,,--y,,) and yr, —a* (yr 47 29i Vau 
if 1» 1; also y, 9— 9,9 — 0, if l> 0; and these conditions are satisfied if we neglect ttin y, ,, or t? in 


2 
Yit & suppose y, ,— 2a? (5 sin g.— “4 cos J » Yai = &0. =0. 


For the parts involving ¢ and (5, we are to suppose i= 2, & to calculate 
Zio A-* P Eo 1 
in which we already know g; 9 and in which g, , — (— jy! 4 UI -GH5[0]-9-5, so that 


45179417 &c.—20, and g,,=2[0]*=4, 9g5i1- -$ [0] = —4; 
these parts therefore vanish for all particles icai P, they are, for P}, — 


and, for al 


tel TEM cin 


Accordingly, if we suppose 
242 
yu nsn B -5 gern riter oin ty 


$ attt 
Ya 1=nsin B^: —74 cos p T Ys = &c. — 0, 


60 ' 
and neglect ¢4 in y; ,, we Xe have 
ys,7 &e.—0; Y3 =Y 
Yi t 2a*y, ,— a?» (sin B (1 — 2a? A?t?) + A cos B ( — 2at + $a* A?t9)) — ay sin (B — 2a At); 
so that the differential equations are as well satisfied as they ought to be. 


105. No power of t being neglected, the displacement of the particle P, is 
2aAt 
41,7 7A* 205, [0] ( — 402%)! lar To B—sin J X547 g, y; 


in which 
fuk 2- Gk) [2h + 1 2c [0]-* [0]- 4+), 
We may order y, , according to the ascending powers of A; & the coefficient of A? is 
—sin B. X5, [0] ** (— 42?) g,., ,— sin BUG, [0] [O] **? (at)? (— 1); 


zy? z? xz \2 ? 
which latter series can be summed, if we can sum 1 — E | s 13) - (r3) + &c. Now this 
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1 2i T < 1 
last sum — = Í "dr cos (2x sin r), because = [or * I dr sin r% = ([0]77)?, (see page 523); therefore, 
0 0 


differentiating relatively to 2, 
e 


Mm) IM 
Fils 143 "^ 


1 | arsine sin (2xsinr) 2z— 
*.' coefficient of A? in y, , is fı — =, [ar sin r sin (2x sin n| ysin B, if x=at. In fact 
fra sin r sin (2x sin r) = — A (cos r sin (2x sin r)) + 2x fra cos 7? cos (2x sin r); 
the coefficient of A? in y, , is therefore | 
ysin B fı — = fr cos r?cos (2at sin 2 ^ 


& accordingly if we make A = 0, l= 1, in the expression of 97 or 104 for y, ,, we get 


Vic mem dð 2 cos 0? (1 — cos (2atsin 0) = aE [as &c. 
0 0 


But it is probably improper, or at least disadvantageous, to develope according to ascending 
powers of A, when A is » 1. 


106. It may be convenient to make 4 — V/4?—1-— B, and therefore 
2 
A+VA2— LI 2 scd leue) ado 


B’ 2B” 
“(=1)}y 7. 2Bsin@sin2l0 .. ! 
Mette Y i 1—2Boos8 4. pi in (B — 2a At) — sin (B — 2at cos 0)) 


Lupy T ; 
_2( te! ri xoi. d B" sin n sin 210 (sin (B — 2aAt) — sin (B — 2at cos 0)) 


— 1) T 
—q(— Btysin (8 — 2241) +2! D yo, Bh f {cos (210 + n8) — cos (210 —n8)) 
0 
x sin (B — 2at cos 0) dé. 
Accordingly it is evident that this last expression for y; , satisfies the equation in mixed differ- 
ences Y;=0° (Y1, — Yre tY) because B?+ B-?-2—44?; also yo,=nsin(B—2atA), & 
J,o7 Jo 0 if 1» 0. 
We may therefore write 
917 2 (— B?) sin (B— 2aAt) 


+ a (—1)'sin BUR), Be |" ap {cos (210 + 2n€) — cos (210 — 2n8)) cos (2at cos 0) 
0 


-— 2a (— 1y cos B En) Desi dô (cos (210 + 2n0 — 0) — cos (210 — 2n0 + 0) sin (2at cos 0). 
0 


And we see that it remains to calculate the values of the definite integrals 
1 2m 1 2m+1 gj 
| da* oos (Sors) =| de® sin (2ata) 
0 A TJO Vl-z? 


TT 
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or simply of the former. We may even deduce all, by differentiation, from the function 


1 
à Kad gon (qai)... M dð cos (2at cos 0) =- aft dð cos (2at sin 0) 
V1—22 
at\? (af? at Ys 
-1-(7) +(F5) - 5a) Tr- 
Or we may consider the question as being now to determine, at least approximately & for 
integer values of m much larger than f, the definite integrals 


I cos 2mé cos (2at cos 0) = M m, 
0 


f dÓ cos (2m0 — 0) sin (2at cos 0) =N m- 
0 


107. Adopting this last view, & integrating by parts, so as to develope according to 
descending powers of m, we find 


ae 


facos 2m cos (Sükocé gy. Pn cos (2atcos 0) — [^ d sin 0sin 2m8 sin (2at cos 0), 


f. dô cos (2m8 — 0) cos (2at cos 0) 
0 


= Sn OP sin (2atcos 0) + ; {do sin Osin (2m0 — 0) cos (2at cos 0). 
If then we employ the symbols M „n and Nm as inr ve in the last article, we have* 
My= 5 (Nam Na) Nem na Maji 
mi gifs Man) Mac ir iet 1) OL, - My) 
— (2m 4-1) (M, ,— M4); 
o-at, [ima o aet Seat 
nearly, = ™ being large, M,,1—2M,,--M,1— — ced UM 
[Manuscript ends.] 
* [M, 7 (—)" Jam (2at); Nim=(—)" Jan (2at).] 
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